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Abstract

Brittle solids are often toughened by adding a second-phase material. This practice often re-
sults in composites with material heterogeneities on the meso scale: large compared to the
scale of the fracture process zone but small compared to that of the application. The specific
configuration (both geometrical and mechanical) of this mesoscale heterogeneity is generally
recognized as important in controlling crack propagation behavior and, subsequently, the (ef-
fective) toughness of the composite. Here, we systematically investigate how dynamic brittle
fracture navigates through a linear array of mesoscale inclusions. Using a variational phase-field
(PF) approach, we compute the apparent crack speed and fracture energy dissipation rate to
compare crack propagation (and the resulting toughening) under Mode-I loading for various
configurations of inclusions. We identify an interplay between the size of inclusion and that of
theK-dominant zone in the presence of elastic heterogeneity: matching these two sizes gives rise
to the best toughening outcome for a given area fraction of inclusions. We discuss mechanisms
that rationalize this observation and the importance of the length scale parameter used in PF
models in interpreting simulation results. Our work sheds physical insight into the interaction
between size effects and material properties, thereby opening a venue for the rational design of
functional (architected) composites for dynamic fracture applications.

Keywords: Dynamic fracture, Crack speed, Fracture energy, K-dominant zone, Inclusion
configuration, Phase-field simulation

1. Introduction

Structural materials such as glass and ceramics find applications across multiple industrial
sectors, from aerospace to defense, where extreme environments (such as high-speed impact) are
often encountered. However, these strong and lightweight materials are often brittle. Thus, it
has been a common practice to toughen a brittle material by adding a second material phase to
alter the fracture behavior. Such approaches often result in mesoscale material heterogeneities:
the heterogeneity length scale is large compared to that of the process zone, but small compared
to that of the application (which gives rise to “extrinsic toughening mechanisms” [1, 2]). As
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such, this practice enjoys a very high-dimensional design space in terms of not only what
material to choose as the second phase but also how to configure this second phase spatially
with respect to the base material phase, given the significant separation of length scales.

The biggest challenge, therefore, lies in how we effectively explore this design space (in
terms of choosing materials and their geometrical configurations) to minimize the well-known
tradeoff between strength and toughness [1, 3]. For instance, adding a more compliant or
tougher phase can help arrest a propagating crack, thereby toughening the material. However,
such inclusions can also lead to a decrease in the overall stiffness and strength. Historically,
this design space has been explored by focusing on the choice of the second-phase material.
Examples include crystallized ceramic inclusions in an LS2 glass matrix [4] and TiC particles in
a SiC ceramic matrix [5]. The issue is that, partly due to synthesis and processing limitations,
the resulting geometrical configuration of the material heterogeneity is usually stochastic and
not well controlled, leaving the geometrical aspect (a considerable portion of this design space)
largely unexplored.

Recently, advances in manufacturing techniques allow the precise control of a material’s
structure across scales, making it possible to systematically explore the geometric aspect of this
design space. There are particularly promising opportunities within the context of mechanical
“meta-materials”1 which have already demonstrated novel mechanical properties (such as a
high stiffness-to-density ratio [6, 7], with chiral character [8], and being (re-)programmable
[9, 10, 11]) that are not found in conventionally manufactured materials. [12, 13] provide
comprehensive introductions to this topic. An emerging research area is that of studying
the resistance to fracture of these metamaterials [14, 15, 16, 17, 18], particularly the class of
metamaterials containing arrays of compliant inclusions (which often take the form of voids
[19, 20, 21]). These studies recognized that the geometrical configuration of these inclusions
(mainly size and spacing) could alter crack propagation behaviors [2, 22, 19]. It has been argued
that the K-dominant zone matters in this regard [2, 23]. A properly designed configuration can
lead to high toughness [21, 24] and even directional asymmetry in toughness when designing
inclusion shape comes into play as well [23].

Fracture propagation in a brittle composite with mesoscale heterogeneities can be highly
dynamic and is known to show considerable rate effects [25], even if the remote macroscopic
loading is quasi-static [26]. However, a systematic and quantitative understanding is still lack-
ing regarding how dynamic brittle fracture navigates through mesoscale heterogeneities, and
what is the resulting toughening outcome [27]. Many interesting questions remain unanswered,
especially from a physics-guided design perspective. For instance, why should we choose a
specific inclusion size over another? Does changing the inclusion size necessitate a change of
inclusion spacing to maintain a “sweet spot” design? Lastly, how important are the material
properties of the inclusions? These questions are also relevant for minimizing the undesired ef-
fects of these inclusions (for instance, those in the form of voids) on the overall material stiffness
and strength, which are especially important for applications in extreme environments.

Here, we systematically quantify the mesoscale size effects of material heterogeneities on
dynamic fracture propagation in a brittle composite (or meta-) material, using a dynamic
phase-field approach for numerical simulation. This approach enables us to calculate fracture

1The terms “metamaterials” and “architected materials” are often used interchangeably in the literature.
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energy dissipation rate and crack speed at every instant. We consider inclusions with toughness
and elastic contrast as mesoscale material heterogeneities, and we model them and the base
medium as separate continuum solids that homogenize out any possible micro-scale (and below)
material heterogeneities. In particular, we consider inclusion arrangements that go from being
large but sparse on one end to being small but dense on the other end while holding the
area fraction constant. We are particularly interested in comparing crack propagation and
the associated toughening outcome of these configurations with inclusions possessing different
spatial arrangements but identical area fractions. The underlying physical interpretations can
have practical implications in designing flaw-insensitive composites that are resistant to crack
propagation or prevent a crack from growing indefinitely.

The remainder of this paper is organized as follows. In Section 2, we briefly introduce the
variational phase-field approach for dynamic fracture simulation; in Section 3, we discuss our
numerical model, parameter selection, and the analysis procedure; in Section 4, we discuss the
estimation of the K-dominant zone in the context of phase-field simulations; in Section 5, we
discuss the simulation results that demonstrate the relative size interplay between the inclu-
sion and the K-dominant zone; in Section 6, we present a summary of our work and discuss
limitations and future directions.

2. Variational phase-field approach to fracture

Phase-field modeling provides a mathematical framework that is widely used to describe
physical systems, especially those with evolving interfaces far from equilibrium (fracture propa-
gation in solids is a typical example). Since its first introduction in the context of solidification
and phase transition [28], it has been adapted to modeling many other phenomena such as
multiphase flow [29, 30], collection cell dynamics [31, 32], and material failures [33, 34, 35], to
name a few. At the core of phase-field modeling is a mathematical description of the energy
(density) of a physical system γℓ, a quantity associated with the particular physical field of
modeling interest. This is done using a scalar field ϕ ∈ [0, 1] that varies smoothly in space over
a length scale parameter ℓ. In the particular case of fracture, we can view γℓ as a (regularized)
fracture energy density over the entire simulation domain, with the length scale ℓ being used
to effectively smear out the crack, so that ϕ = 0 typically indicates intact material and ϕ = 1
indicates completely damaged material. It has been shown that ℓ determines the threshold for
crack nucleation [36, 37], and from a physics standpoint, it can be viewed as a representation
of active mechanisms in the process zone [38]. When modeling dynamic fracture problems,
we seek to minimize an incremental Lagrange energy functional Iℓ using the principle of least
action (see [39, 40] for a comprehensive discussion relevant to the topic). The functional form
is as follows:

Iℓ(u, u̇, ϕ) =

∫ t2

t1

{∫
Ω

[ρ
2
|u̇|2 −We(u, ϕ)−GCγℓ(ϕ,∇ϕ) + ρb · u

]
dΩ +

∫
∂Ω

t · udS
}
dt, (2.1)

under the constraint ϕ̇ > 0, to account for the irreversibility of the fracture process. In Eqn.
2.1, u is the displacement field, with u̇ = ∂u

∂t
the velocity field, ρ the material density, ϕ the

phase field parameter indicating the degree of material damage, We the elastic strain energy
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density, GC the critical energy release rate (or fracture toughness) [41], γℓ the (regularized)
fracture energy density, b the gravitational constant, and t the surface traction. Under plane
stress conditions, we also have GC = K2

IC/E, where KIC is the Mode-I critical stress intensity
factor. The form (or degree of complexity) of We, Γℓ, and GC may be problem-specific (e.g.,
GC may be anisotropic [42, 43] and γℓ may be dependent on higher-order terms of ϕ [44] )
and even Eqn. 2.1 can be modified to model ductile instead of brittle fracture [45, 46, 47].
In this work, we restrict ourselves to materials that are isotropic and linear elastic with rate-
independent fracture toughness. We can describe a material by three parameters: Young’s
modulus E, Poisson’s ratio ν, and fracture toughness GC. Interfacial effects [48] can be included
by incorporating a cohesive zone model [49], but we neglect them for the purposes of this work,
leaving that to a subsequent effort. We adopt the following form of γℓ, commonly used for
modeling brittle fracture [39]:

γℓ =
1

4cwℓ

(
w(ϕ) + ℓ2|∇ϕ|2

)
,with cw =

1

2
which implies w(ϕ) = ϕ2. (2.2)

Note that this form is known as the AT2 model [50], which is also implemented in [40] but
is different from the so-called AT1 model [51] (i.e. cw = 2/3, w(ϕ) = ϕ) used in [22]. Although
formulated differently, these two models have been shown to give similar results in terms of
modeling crack initiation and propagation (see [52] for a detailed discussion). We implement this
method using FEM in 2D based on our previous work on modeling multibody contact mechanics
problems [53]. The source code is publicly available at https://github.com/liuchili/Variational-
phase-field-method-for-dynamic-fracture-problem.git.

Our implementation finds the stationary solution to the minimization of Eqn. 2.1 in parallel
based on the alternating minimization scheme, utilizing an in-house conjugate gradient solver
that runs with OpenMP and MPI. In particular, we use the average acceleration scheme to
solve for u. At each time step, we iterate back and forth between u and ϕ until convergence is
achieved. We verified our implementation using the classical Kalthoff-Winkler experiment [54]
(see Appendix for details).

3. Modeling fracture propagation in brittle solid with meso-scale heterogeneity

3.1. Model setup and parameter selection

We use the variational phase-field method discussed above to simulate dynamic crack prop-
agation under Mode-I crack opening mode in plane stress condition, using a single-notched
three-point bending configuration (with span L, height H, and notch length a) that is sub-
jected to a constant indentation velocity vload as shown in Fig. 1(a). We consider a simple
case where we represent mesoscale material heterogeneities as square inclusions. We arrange
these inclusions (with a uniform size d) as a single array (with a uniform spacing h) along a
line aligned with the expected crack propagation path, starting from a distance of Din from the
notch tip (a “buffer zone”) and extending to a length of Lin, as shown in Fig. 1(b). Next, we
introduce two design parameters, the number of inclusions N and the relative spacing c = d/h.

Since h = Lin/N , f = Nd2

WLin
can also be expressed as f = c2Lin

WN
. In this work, we fix W = 10Lin

(see Fig. 1(b)), which is large enough such that (1) the crack can only interact with a single
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array of inclusions, and (2) the stress fields developed from any two neighboring inclusion arrays
(with a separation distance of W = 10Lin) do not interact2. To keep the computational cost
reasonable, in our numerical model we only consider a single array of inclusions directly above
the notch. Plugging in W = 10Lin, we have f = c2

10N
. We use two baseline values (denoted as

c0 and N0) to fix f =
c20

10N0
. Accordingly, we can get different d by varying N as follows:

d =
c0Lin√
N0N

with h =
Lin

N
, implying c =

d

h
= c0

√
N

N0

. (3.1)

So, for a given value of c0 and N0, varying N provides different geometrical configurations
represented by different combinations of (d, h). Fig. 1(c) shows three examples using this
design strategy with c0 = 0.2, N0 = 5 for N = 5, N = 12, and N = 32, respectively. Finally,
we choose L = 32a,H = 8a, Lin = 5a, and Din = a, where a is the initial crack length (notch
length) chosen as 10 mm in this work. We pick such a geometry to realize a large enough
domain in the sense that the crack initiation and propagation are not affected before entering
the inclusion-embedded region (see Fig. 2 for a representative example). In this way, it becomes
convenient to compare crack propagation for different inclusion configurations.

In addition to the geometrical configurations, we also vary the mechanical configurations
by selecting different values for α (representing the elastic contrast) and β (representing the
toughness contrast):

α = Ein/E0, and β = GC,in/G0, (3.2)

where Ein (GC, in) is Young’s modulus (toughness) of the inclusion material, with E0 (GC,0)
being that of the matrix material. In this work, we limit our attention to inclusions made with
the same ν and ρ as the base medium, but from more compliant materials (α < 1) that can
also be tougher (β > 1). We choose glass (a typical brittle material) to be our base material,
with ρ = 2520 kg/m3, ν = 0.25, as well as E0 = 80 GPa and GC,0 = 7.0312 kg/s2 from [4].

As a point of departure, we consider dynamic fracture under a quasi-static loading condition
in this work, so that wave propagation and intertial effects associated with the externally-
imposed load may be neglected. However, this does not imply that the material response is
slow once fracture begins3. Brittle fracture can be fast and can cause considerable material
inertia effects [55] especially in the presence of material heterogeneities even if the remote
loading is quasi-static [26, 25]. As such, we use a dynamic phase-field formulation to explicitly
account for crack speed and any inertia effects associated with a fast-propagating crack tip. To
achieve a quasi-static loading condition while maintaining computational feasibility, we use a
loading velocity vload ∼ 5 × 10−5vR for all simulations, where vR is the Rayleigh wave speed
of the glass. (It is generally recommended vload < 1%vR [56] to ensure a quasi-static loading
condition.)

2Note that this can be a conservative estimation.
3In contrast, dynamic loadings will induce inertia effects in the form of propagating mechanical disturbances

that strike a crack and cause fracture propagation. Spall is a typical example in this regard.
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Figure 1: (a) The setup of our numerical model: a single-notched three-point bending beam subjected to
a constant indentation speed vload. The beam has a span L, a height H, and a notch with length a. (b)
The geometric configuration of a single array of mono-sized (d) and equally spaced (h) inclusions embedded
along a line of length Lin that starts at a distance of Din (as a buffer zone) from the notch tip. The width
W = 10Lin considered for computing the area fraction is not drawn to scale. In this particular image, N = 3
using c0 = 0.2, N0 = 5. (c) Three examples of the geometrical configuration produced with c0 = 0.2, N0 = 5 for
N = 5, N = 12, and N = 32.

The last quantity to be determined is ℓ, a regularization parameter that imposes a length
scale on the material heterogeneity; effectively, the smeared crack field is insensitive to material
structure at smaller length scales than ℓ [2]. As such, we ensure that d and h are strictly larger
than ℓ for the purpose of this work. Although ℓ does not have a strong micromechanical basis,
ℓ has been shown to set the threshold for crack initiation [36, 37] and controls the size of the
process zone from a cohesive zone interpretation [57]. As such, it can be argued that ℓ serves
as a material property parameter governing the crack nucleation strength σc [37], which admits
the following form under plane stress conditions:

σc ∝
√

EGC

ℓ
. (3.3)

As ℓ → 0, the crack nucleation strength goes to infinity, which is consistent with LEFM
theory and Γ-convergence arguments [50]. We tried using the flexural strength of the glass
reported in [4] (≃ 100 MPa) as σc, but it leads to a very small ℓ ≃ 0.006a that is computationally
costly for the purpose of this work. This is because a decrease in ℓ leads to a decrease in
element size (denoted as δ) and subsequently the time step required for a stable dynamic PF
simulation. As such, instead, we pick ℓ = ℓ0 ≃ 0.03a as a starting point, and we later decrease
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ℓ (while still maintaining computational feasibility) to check its influence on crack propagation.
Note that the rapidly increasing computational demand with decreasing ℓ prevents us from
probing scenarios with ℓ/a ∼ O(10−3). Although the simulated material ends up being more
“ductile” than glass, the resulting comparison of crack propagation across different inclusion
configurations is valid in a relative sense. Another issue that needs attention is the selection
of ℓ for the inclusion material, as it will also influence crack nucleation according to Eqn. 3.3.
For the majority part of this work, we use more compliant and tougher inclusions (specifically
α = 0.4, β = 2.4) with the same ℓ as the base material. This implies that the inclusion material
shares (almost) the same σc with the base material (since

√
αβ ≃ 1). For a small part of this

work, we study complementary cases where inclusions are only more compliant (specifically
α = 0.5, β = 1). We keep ℓ uniform, which implies a lower σc for more compliant inclusions
(i.e. easier for crack nucleation), in comparison to that of the base material.

Lastly, we note that imposing ℓ through a finite-element discretization leads to a numerical
amplification of the fracture toughness, denoted as Gnum

C [34]:

Gnum
C = GC(1 +

δ

4cwℓ
), (3.4)

where cw in the normalization constant presented in Eqn. 2.2, and δ is the element size. As such,
we use Gnum

C when applying fracture mechanics theories to interpret the simulation results. For
a given ℓ value, we conduct simulations across different inclusion configurations for the same
amount of time t over irregular linear triangular elements. Regardless of the choice of ℓ, we
select elements within the crack propagation region to have a size of δ ≃ ℓ/3, which is small
enough to resolve the crack evolution with sufficient accuracy [58].

3.2. Representative result on inclusion-modulated crack propagation

As a representative result, Fig. 2(a) shows the evolution of the normalized crack length
(l/a) as a function of the normalized indentation displacement (vloadt/a), where we calculate
l by tracking the crack tip based on the phase field ϕ (locating the tip of an isocurve with a
threshold value ϕ = 0.854, see Appendix for details). Two configurations are included in this
figure: a homogeneous one with no inclusion (yellow curve), and a heterogeneous one with
five inclusions (green curve, material properties are α = 0.4, β = 2.4, with d = 0.2a resulting
from c0 = 0.2, N0 = 5). Both simulations are conducted using ℓ = ℓ0. We observe that cracks
initiate at the same time and the evolution of crack lengths remains identical until leaving the
buffer zone. This observation is further confirmed by looking at the corresponding (normalized)
instantaneous crack tip speed (V/vR, with V calculated using l and t), as shown in Fig. 2(b).
Here, vR is the Rayleigh wave speed of the base material. We confirm that this observation is
consistent across all simulated configurations in this work, making it straightforward to ensure
that our subsequent analysis isolates the effect of material heterogeneity on dynamic crack
propagation.

After a crack leaves the buffer zone, it enters the region where the inclusions reside. The
shaded area in Figs. 2(a) and (b) with two alternating colors indicate two different regions

4We have tried varying this threshold value ranging from 0.75 to 0.95, from which the resulting crack tip
locations show negligible differences.
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Figure 2: (a) Evolution of normalized crack length l/a as a function of normalized indentation displacement
vloadt/a for a homogeneous case with no inclusion (yellow curve) and a heterogeneous case with five inclusions
(blue curve, d = 0.2a resulting from setting c0 = 0.2, N0 = 5). The inclusion material has an elastic contrast
α = 0.4 and a toughness contrast β = 2.4. The two alternating shaded areas indicate two different types of
crack tip locations for the heterogeneous case. The dark gray area indicates that the crack tip is outside of
an inclusion, whereas the light gray area indicates that the crack tip reaches the boundary of or is penetrating
through an inclusion. The (almost) constant crack length within each light gray area indicates that the crack
is almost arrested as reaching the boundary of and penetrating through an inclusion. (b) A plot similar to (a)
but showing the variation of the normalized instantaneous crack tip speed V/vR, where vR is the Rayleigh wave
speed of the base material. (c) A visualization of the final crack trajectory based on ϕ showing the interaction
between the crack and the inclusions for the heterogeneous case. The white cross indicates the identified crack
tip, and the white dashed rectangle indicates the region within which [⟨V ⟩l]t and [⟨G⟩l]t are calculated. (d) A
similar visualization as (c) but showing the result of the homogeneous case.

for crack propagation in the heterogeneous configuration: light grey indicates the region where
the crack reaches propagates inside inclusions, while dark gray indicates otherwise. Inclusion-
modulated crack propagation is evident as the crack gets (almost) arrested when reaching and
penetrating through inclusions: l is (almost) constant and V is (almost) zero. Figs. 2(c) and
2(d) visualize the final crack patterns for these two configurations, where the white cross marker
in each image indicates the location of the identified crack tip. This observation of the crack
propagating through tougher and more compliant inclusions with decreasing speed is consistent
with experimental observations reported in a recent work [25].

The observed crack-inclusion interaction in the presence of more compliant and tougher
inclusions is well documented [2, 25], which can be attributed to the presence of stress fluc-
tuation (for delaying crack entering an inclusion [59]), the presence of higher toughness and
lower modulus (for slowing down crack advancing inside that inclusion [25]), and the presence of
crack nucleation when crossing a compliant-to-stiff interface (for delaying the crack leaving that
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inclusion [60, 59]). As an illustrative example, Fig. 3 shows the normalized stress distribution,
(σxx + σyy)/E0 and ϕ ahead of the crack tip as it approaches, enters, penetrates through and
leaves the first inclusion shown in Fig. 2(c). On the one hand, the deceleration of the crack
as it approaches the inclusion results from decreased stress ahead of the crack tip, causing
delayed penetration into the inclusion, as shown in Figs. 3(a) and (b); on the other hand, the
stress at the compliant-to-stiff interface builds up as the crack slowly penetrates through the
tougher inclusion, as shown in Fig. 3(c). When stress builds up to the nucleation point, a
crack also nucleates on the stiffer side of the compliant-to-stiff interface, as shown in Fig. 3
(d); then, the crack quickly accelerates and leaves the inclusion by merging with the crack tip
inside the inclusion5, as shown in Fig. 3(e). After the crack leaves the crack, the stress resumes
its distribution shown in Fig. 3(a) (excluding the part inside the inclusion).
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Figure 3: Variations of the normalized stress (σxx + σyy)/E0 (blue squares) and ϕ (red circles) as a function of
r/a as the crack approaches (a), about to enter (b), penetrates through (c), nucleates at the interface (d), and
merges and leaves (e) an inclusion of size d = 0.2a. The grey shaded area in each sub-figure shows the portion
of that inclusion ahead of the crack tip (the black cross shown in all sub-figures). The time is set to zero at (a),
and the value is relative, used to indicate the rate of crack propagation at each stage. In this particular case,
crack entering the inclusion (t3 − t2) takes more time than that for crack nucleating at the compliant-to-stiff
interface (t4 − t3) after entering the inclusion.

5Note that whether and when this kind of nucleation and merging happens is affected by the particular
choice of material. In general, a larger α promotes such behavior. A simple example is setting inclusion to be
void (α = 0), for which a crack must renucleate on the other side of the interface.
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3.3. The relevance of the size of the K-dominant zone

The specific crack-inclusion interaction certainly depends on the particular choice of ma-
terial. However, leaving the choice of material unchanged, our observation raises a possible
effect of the size of the inclusion in terms of altering crack propagation. This kind of size effect
certainly exists and should operate on a scale larger than that of the process zone, as already
evidenced by the same recent work [25], in which the crack speed fluctuation and the apparent
fracture energy were found to depend on the heterogeneity size. In that work, the length scale
of heterogeneities probed is on the order of several millimeters, much larger than that of the
process zone of the PMMA-like material used6: ∼ O(10−2) mm. Note that a similar type of
size effect can be observed from experiments carried out in [23], where the direction of crack
propagation in an architected PMMA sheet depends on the spacing between the voids, both of
which are on the millimeter scale and are much larger than the process zone size of PMMA.
In our case, the inclusion size d = 0.2a ≃ 6.7ℓ0, suggesting that the “PF crack” senses the
inclusions and gets arrested sequentially. Can a smaller inclusion still arrest the crack? If so, is
there a lower bound for it? For instance, in a semi-infinite domain a crack has trouble crossing a
compliant-to-stiff interface due to decreasing crack tip driving force [60], but will this continue
to hold as the stiffer domain shrinks in size?

Is there a relevant (or characteristic) length scale associated with this kind of size effect? We
hypothesize that it is associated with the K-dominant zone derived from Linear Elastic Fracture
Mechanics (LEFM) theory. For brittle materials which satisfy the small-scale yielding condition
[38], a crack propagates by sensing and exploring the stress field inside the K-dominant zone
[64, 23], an annulus that sits in between the much smaller process zone (where both dissipation
and non-linear elasticity prevail [65]) and an outer zone (where boundary conditions play a
role), as shown in Fig. 4(a). More specifically, although when and where a crack decides to
propagate are determined by the time and position (on the scale of the process zone) at which
σ = σc, this specific time and position for σ = σc depend non-locally on a surrounding area
(i.e. on the scale of the K-dominant zone where σ ∝ KIC/

√
r [64]).

Consequently, when a crack approaches an inclusion, the size of that inclusion with respect
to that of the K-dominant zone becomes relevant. When the inclusion is large enough to encap-
sulate the K-dominant zone, the crack tip senses a homogeneous material field (corresponding
to the inclusion material). When the inclusion size is not large enough to encapsulate the
K-dominant zone (but still large enough compared to the size of the process zone), the crack
tip senses a heterogeneous material field: part of this field consists of the inclusion and part
of this field consists of the base medium. This can lead to a stress modulation within the
K-dominant zone, which may change the time and position of which σ = σc depending on the
particular choice of α, β, and inclusion position (relative to the crack path). In our case, once
the inclusion size becomes smaller than that of the K-dominant zone, a crack will also sense
the base medium (which is stiffer and more brittle) as it approaches and penetrates through an
inclusion. This implies that the inclusion may not be able to slow down the crack entering and
moving through (due to insufficient stress drop for the former and faster stress build-up for the

6This value is estimated based on [61, 62], using the material properties of that PMMA-like material, i.e.
VeroClear. It also agrees with the typical process zone size of glassy polymers (< 0.1 mm) as documented in
the literature [63].
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latter, as the K-dominant zone always contains the base medium), and it may subsequently
accelerate the crack crossing the compliant-to-stiff interface (due to faster stress build up as
the K-dominant zone covers that interface). As a result, inclusions with sizes smaller than that
presented in Fig. 2 can lead to different crack propagation dynamics.

Therefore, our main interest is to quantify and compare different crack propagation dy-
namics resulting from the potential interplay between the size of inclusion and that of the
K-dominant zone. As shown in Fig. 1(d), on one end, we can have small but dense inclusions
(small d and h); on the other end, we can have large but sparse inclusions (large d and h).
Between d and h, which is more important? Should we have fewer large inclusions or more
small inclusions? A particularly interesting configuration in the middle can arise: the size of
the inclusion meets that of the K-dominant zone with the spacing being determined accord-
ingly. We use two spatio-temporally averaged variables for comparison and quantification: the
apparent crack speed [⟨V ⟩l]t and the apparent fracture energy dissipation rate [⟨G⟩l]t. Here,
⟨·⟩l denotes the spatial average of a quantity at a given time instant over the crack length l, and
[·]t denotes the temporal average of a quantity over every time instant t. We do not calculate
V and G until a crack leaves the buffer zone. As an example, the two dashed black rectangles
shown in Figs. 2(c) and 2(d) indicate the regions within which V and G are calculated. As to
our calculation procedure. First, at every instant t, we can calculate the crack length l, and we
can also calculate the fracture energy Γℓ =

∫
Ω
γℓdΩ. This allows us to compute ⟨V ⟩l = l/t and

⟨G⟩l = Γℓ/l. Then, we perform an arithmetic average over t to get [⟨V ⟩l]t and [⟨G⟩l]t. Lastly,
for simplicity, we use the following two non-dimensionalized parameters for comparing [⟨V ⟩l]t
and [⟨G⟩l]t across different configurations:

Ṽ =
[⟨V ⟩l]t
[⟨V0⟩l]t

, and G̃ =
[⟨G⟩l]t
[⟨G0⟩l]t

, (3.5)

where V0 and G0 follow the same definition of V and G, but they are computed from the
homogeneous configuration. Self-evidently, a smaller value of Ṽ and a larger value of G̃ indicate
a better toughening outcome than that from the homogeneous configuration: lower crack speed
and higher fracture energy dissipation rate.

4. K-dominant zone in phase-field simulations and the effect of ℓ

4.1. Theoretical considerations for estimating the K-dominant zone

Estimating the size of the K-dominant zone is challenging in the presence of (meso-scale)
material heterogeneity. Meso-scale material heterogeneities (i.e. inclusions in this work) in-
troduce new boundaries that can be sensed by a crack tip through stress waves, which can
further complicate the instant stress state around a crack tip. Here, we use some simplifica-
tions to estimate DK as a first-order approximation. First, we assume negligible changes in the
K-dominant zone size for our configurations, and accordingly, we estimate DK when a crack
initiates from the notch tip. Second, we neglect the crack speed effect on the K-dominant
solution [66], meaning the quasi-static formulation is adopted. Putting together, in this work,
we estimate DK by comparing the stress distribution computed from PF simulations to that
from LEFM, in a way similar to [67].
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Figure 4: (a) A schematic showing the variation of stress σ as a function of the distance r to the crack tip, based
on either LEFM (blue curve) or the expected response of a brittle material (red curve). Three regions can be
identified. Very close to the crack tip is the process zone (colored in grey) where both dissipation and nonlinear
elasticity prevail [65], and LEFM breaks down. Following the process zone is an annulus called the K-dominant
zone (colored in yellow) where LEFM holds. At the junction of these two zones, the crack nucleation stress σc

is achieved. After the K-dominant zone is where boundary effects play a role and where LEFM breaks down
again. (b) A schematic resembling (a) but showing the expected outcome from a typical phase-field simulation
(red curve). Immediately after the numerically identified crack tip (r = 0) is the PF-regularized zone (colored
in green and with a size of about ℓ) representing mechanisms active in the process zone [38]. It ends where the
stress peaks at the numerical crack nucleation stress (σnum

c ) whose value is related to ℓ (see Eqn. 3.3) and δ.
Following the PF-regularized zone is the proposed “effective K-zone” (colored in yellow and with a size denoted
as DK) that ends where the PF simulation result deviates from the LEFM solution. The solid line-shaded area
after the PF-regularized zone indicates stress deviations resulting from FE discretization errors and non-zero
(but small) ϕ values. (c) A visualization showing the spatial distribution of (σxx + σyy)/E0 at the moment of
crack initiation for the homogeneous case obtained using ℓ = ℓ0. We indicate the crack tip location using the
black cross and denote the vertical distance away from the crack tip as r.
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4.2. Numerical considerations for defining an “effective” K-dominant zone

Following the above theoretical considerations, we can overlay the stress distribution from
PF simulations onto that from LEFM to estimate the size of the K-dominant zone, i.e., the
width of the yellow region in Fig. 4(a). However, in practice, this leads to numerical challenges
that require caution when defining the K-dominant zone. Fig. 4(b) shows a typical example
of stress distribution ahead of a “PF crack tip”, which shows two major differences from the
expected stress distribution approaching a sharp crack demonstrated in Fig. 4(a). First, there
is no longer a process zone as our material model is elastic; instead, immediately following the
“PF crack tip” is a PF-regularized zone whose size is about ℓ. Although this zone does not
have a strong micromechanical foundation, ℓ is known to control the size of process zone from
a cohesive zone perspective, and it can be calibrated according to the physical process zone
size [57]. In parallel, the numerical crack nucleation stress σnum

c depends on ℓ (see Eqn. 3.3)
and δ. Note that usually we have σnum

c < σc as a result of limited computational capability.
Second, after passing σnum

c , the stress can still deviate from the LEFM calculation over a small
distance, due to FE discretization errors (in resolving elasticity) and non-zero (although small)
ϕ values (in degrading material modulus). The detailed pattern of this deviation depends on
ℓ/δ and the specific PF model (e.g., AT2 [50] or AT1 [51]), with the latter controlling the spatial
variation of ϕ. In general, decreasing ℓ while increasing ℓ/δ better approximates the brittleness
of material of interest (σnum

c → σc) and reduces the stress deviation immediately outside of the
PF-regularized zone.

Taking both differences into account, we consider an “effective” K-dominant zone, denoted
as DK herein, which starts from σnum

c and ends at the location where the stress deviates from
the LEFM prediction, shown as the yellow region in Fig. 4(c). Note that the LEFM prediction
is calculated using Knum

IC =
√
Gnum

C E with Gnum
C defined in Eqn. 3.4. We next present several

numerical studies aimed at understanding the effect of ℓ and ℓ/δ on DK . Since we only need
to estimate DK at the moment of crack initiation, the computational cost is greatly reduced
and we can probe into scenarios with ℓ/a ∼ O(10−3). In practice, we extract the variation of
(σxx + σyy)/E0 as a function of r from simulations and compare it with the LEFM prediction
σ ∝ Knum

IC /
√
2πr. To aid illustration, Fig. 4(c) shows the spatial distribution of (σxx+σyy)/E0

at the moment of crack initiation from a simulation with ℓ = ℓ0.

4.3. Varying ℓ while holding δ fixed

Figs. 5(a), (b), and (c) show the variation of (σxx + σyy)/E0 and ϕ as a function of r/a
using ℓ = ℓ0/6, ℓ = ℓ0/3, and ℓ = ℓ0, respectively. All simulations have fixed δ ≃ ℓ0/26. The
point r/a = 0 corresponds to the “PF crack tip”, which is defined as the tip of the fitted
iso-curve with a value of 0.85 (see Section 3.2). These three figures illustrate Fig. 4(b) in a
more quantitative sense. Figs. 5(d), (e), and (f) zoom into the region where the stress deviates
from the LEFM predictions. The most important observation drawn is that DK , the size of
the effective K-zone, does not change appreciably with ℓ, staying around DK ≃ 4ℓ0. This leads
to DK ∼ O(10ℓ) for the first two cases and DK ∼ O(ℓ) for the third case. Decreasing ℓ thus
seems to simply “pull” the effective K-zone more closely into the crack tip. Further decreasing
ℓ is certainly desired for representing DK ≫ ℓ encountered in real brittle materials, but it
can become computationally intractable. Unlike DK , stress and ϕ ahead of the crack tip do
change with ℓ. In general, decreasing ℓ increases the peak stress. As expected from any PF
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model, away from the PF-regularization zone, the value of ϕ remains small; as approaching the
PF-regularized zone, ϕ increases with a gradient that scales inversely with ℓ: the smaller the ℓ,
the larger the gradient. The specific variation pattern of ϕ, on the other hand, depends on the
particular PF formulation as mentioned in Section 4.2. In addition, a greater ϕ value (resulting
from a larger ℓ) within the effective K-zone leads to a more pronounced stress deviation from
the LEFM prediction since the material degradation is higher for larger ϕ.
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Figure 5: Variations of (σxx + σyy)/E0 (left axis) and ϕ (right axis) as a function of r from the configuration
shown in Fig. 4(c), obtained with fixed δ. Symbols (hollow squares and circles) are from PF simulations, while
solid lines are from LEFM calculations. For all simulations, we fix δ ≃ ℓ0/26 near the notch tip area. The
PF-regularized zone and the “effective K-zone” discussed in Fig. 4(b) are highlighted using the same color
scheme. Results from the left to the right are from different ℓ used in simulations: ℓ = ℓ0/6 for (a) with a
zoomed-in plot shown in (d); ℓ = ℓ/3 for (b) with a zoomed-in plot shown in (e), and ℓ = ℓ0 for (c) with a
zoomed-in plot shown in (f).

4.4. Varying ℓ while holding ℓ/δ fixed

Figs. 6(a) and (b) show the variation of (σxx + σyy)/E0 and ϕ as a function of r/a using
ℓ = ℓ0 and ℓ = ℓ0/3, respectively. Now both simulations have fixed ℓ/δ ≃ 3, implying that δ
used in these two scenarios are larger compared to those used for Fig. 5(b) and (c). Again,
increasing ℓ decreases the peak stress, broadens the PF-regularized zone, and increases the
stress deviation and ϕ in the effective K-zone; all are consistent with observations made in the
previous section. Most importantly, DK again does not change appreciably, staying around
4ℓ0 in both cases, thereby suggesting the relative insensitivity of DK to both ℓ and δ. Overall,
these observations imply that although changing ℓ or ℓ/δ can change the variation of Ṽ and G̃,
the comparison of these two quantities across different configurations should remain valid in
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the relative sense. In light of this, we can run full simulations (instead of concerning just crack
initiation) using relatively large δ (while maintaining ℓ/δ > 2 [58]) to save significantly the
computational expenses. In practice, we perform two sets of full simulations studying crack-
inclusion interactions using ℓ = ℓ0 with ℓ/δ ≃ 3 and ℓ = ℓ0/3 with ℓ/δ ≃ 2.2, respectively. All
simulations are run for the same amount of loading time.
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Figure 6: Variations of (σxx + σyy)/E0 (left axis) and ϕ (right axis) as a function of r from the configuration
shown in Fig. 4(c), obtained with fixed ℓ/δ. Symbols (hollow squares and circles) are from PF simulations,
while solid lines are from LEFM calculations. For all simulations, we fix ℓ/δ ≃ 3 near the notch tip area. From
left to right are results from different ℓ used in simulations: ℓ = ℓ0 for (a) and ℓ = ℓ0/3 for (b).

5. Result and discussion

5.1. Identical area fraction of inclusions with α = 0.4, β = 2.4

We discuss results obtained from configurations with identical area fractions of inclusions.
We find c0 = 0.2, N0 = 5 is a good option to generate configurations that cover the crossover
d = DK , where we set DK = 4ℓ0 based on discussions from Section 4. Using c0 = 0.2, N0 = 5,
the resulting inclusion size ranges from as small as ∼ 0.06a (2ℓ0) to as large as ∼ 0.26a (8.7ℓ0).
We fix the choice of inclusion material to be α = 0.4, β = 2.4.

Fig. 7(a) shows the variation of Ṽ and G̃ as a function of d/DK for ℓ = ℓ0 (squares) and
ℓ = ℓ0/3 (circles). The quantitative difference between these two sets of data comes from
varying ℓ, and it is partly due to the crack deflecting away from inclusions whose d becomes
close to ℓ. Fig. 7(b) shows that the crack deflects away from inclusions in configuration four
(d ∼ 2.2ℓ0) when using ℓ = ℓ0; however, such behavior is completely gone when using ℓ = ℓ0/3.
Our model setup is completely symmetric, and we believe the observed crack deflection is
therefore a numerical issue associated with d/ℓ ≃ 1, which could be further amplified by
wave propagations in modulating stress and finite-element discretization bias in maintaining a
perfectly vertical crack path. For simulations done with ℓ = ℓ0, the numerical issue becomes
pronounced when d/ℓ0 goes below 4, but we find that it could also happen for a different d/ℓ0
value depending on the particular choice of α and β. We leave an in-depth investigation in this
regard for future work, but in general, this numerical issue should vanish as ℓ → 0.

Nevertheless, both sets of data show similar patterns regardless of ℓ: varying dmonotonically
leads to non-monotonic variations of Ṽ and G̃. When d > DK (the green region), decreasing
the inclusion size d leads to better toughening outcomes: Ṽ (slowly) decreases, and G̃ increases.
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However, the trend is reversed as d keeps decreasing to be smaller than DK (the orange region).
The best toughening outcome therefore emerges around the configuration with d = DK that is
neither very small but dense nor very large but sparse. Let us expand the discussion in terms
of Ṽ which is an average representation of crack speed inside and outside inclusions. Towards
the small but dense end (d shrinks away from DK), Ṽ increases with decreasing d. This implies
that the inclusion is not large enough to effectively arrest the crack, and increasing d overweighs
decreasing h in slowing down a crack. On the large but sparse end (d grows away from DK), Ṽ
(slowly) increases with increasing d. This implies that although the inclusion is large enough
to effectively arrest the crack (e.g., Fig. 2(b)), decreasing h overweighs increasing d in slowing
down a crack. Right in the middle where d = DK , an optimal balance is achieved between d
(for crack arrest) and h (for crack advance) that collectively give rise to the smallest Ṽ .

Figs. 7(c) and (d) provide a clearer interpretation, each of which shows the average crack
tip speed (normalized by the Rayleigh wave speed of the base medium) inside (V̄in) and outside
(V̄in) of inclusions, respectively. Inside inclusions, V̄in remains a small value of around 0.01 and
increases very slowly with the decrease of d when d > DK . This weak dependence on d can be
understood as the increasing portion of base material inside the K-dominant zone for a crack
penetrating an inclusion with a smaller size at a given instant. However, it rapidly increases
once d decreases into d < DK , implying a strong dependence of crack speed on the portion
of the base medium with respect to the inclusion material inside the K-dominant zone. In
contrast, outside inclusions, V̄out is largely unchanged, averaging to about 0.22. On the very
small but dense side (i.e., configuration #4), V̄out goes below 0.2, which may be due to minor
coupling effects between adjacent inclusions. In other words, the crack tip senses more than
one inclusions as they are close enough to be within the K-dominant zone at the same time. To
this see, we can compute the lower bound of h (or d) for no such coupling: h = Lin/N > DK

(and thus d > c0
√
LinDK/N0). A quick calculation gives d > 2.24ℓ0. For configuration #4,

d ≃ 2.2ℓ0 < 2.24ℓ0. Consequently, the crack tip senses the second inclusion once it enters the
first one. Further reducing the inclusion size can lead to a stronger coupling effect as a crack
tip may sense more inclusions7. Indeed, taking the extreme of merging all inclusions as one
single strip (h → 0), the crack speed, which is now the same for V̄in and V̄out, should average to
be somewhere larger than V̄in shown in Figs. 7(c) but smaller than V̄out shown in Figs. 7(d).

Overall, these two figures show the interesting threshold set by DK : as long as d > DK ,
having more inclusions will be more efficient in slowing down a crack. A similar argument
could be made by analyzing the variation of G̃: once d is large enough (d > DK), increasing
the number of inclusions (i.e., reducing d and h) becomes more important. The size of the K-
dominant zone may thus be viewed as the minimum size for an inclusion to interact effectively
with a crack. As a result, if given the same area fraction of the second-phase material, it is
more efficient, in terms of increasing fracture resistance, to increase the number of inclusions
that are available to interact effectively (so long as d > DK) with a crack. We conclude by
pointing out that this kind of size effect only becomes pronounced when the inclusion size
becomes comparable to that of the K-dominant zone (e.g., 0.5 < d/DK < 3 in this case).
This range sits between the two extremes: zero and infinity. If d is way smaller than DK

7This can be however computationally demanding to study via PF simulations because the regularization
length scale ℓ needs to remain small compared to d.
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(approaching zero), we shall consider these inclusions as sub-mesoscale heterogeneities whose
contributions may be treated in a homogenized manner. As such, the crack tip effectively
senses a homogeneous material field. If d is way larger than DK (approaching infinity), we can
consider these inclusions as layered heterogeneities, within each layer, the crack always senses
a homogeneous material field for the most part (except when approaching the interface within
a distance ∼ DK). This is because the K-dominant zone is almost always encompassed by d.
From this perspective, the size effect with regard to the K-dominant zone is reminiscent of that
occurs at a smaller length scale [68]: the material heterogeneity becomes comparable to the size
of the process zone, subsequently leading to a significant perturbation of the rupture dynamics.
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<latexit sha1_base64="OZVqguQyOqQDm0jBVxxP2BHG2cQ=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFchaT4WhbduKxgH9CEMJnctEMnD2cmYgn9FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuCjDOpbPvbWFldW9/YrGxVt3d29/bNg1pHprmg0KYpT0UvIBI4S6CtmOLQywSQOODQDUY3U7/7CEKyNLlX4wy8mAwSFjFKlJZ8sxZiV7IYHnDDarjAuW/7Zt227BnwMnFKUkclWr755YYpzWNIFOVEyr5jZ8oriFCMcphU3VxCRuiIDKCvaUJikF4xu32CT7QS4igVuhKFZ+rviYLEUo7jQHfGRA3lojcV//P6uYquvIIlWa4gofNFUc6xSvE0CBwyAVTxsSaECqZvxXRIBKFKx1XVITiLLy+TTsNyLqzzu7N687qMo4KO0DE6RQ66RE10i1qojSh6Qs/oFb0ZE+PFeDc+5q0rRjlziP7A+PwBL/STQg==</latexit>

d ' 2.2`0
<latexit sha1_base64="S961ff2GfW4K12ugve4f9oYlhZQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiS+3RXduKxgH9CEMJnctkMnD2cmYgn9FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuClDOpbPvbKC0tr6yuldcrG5tb2zvmbrUlk0xQaNKEJ6ITEAmcxdBUTHHopAJIFHBoB8Obid9+BCFZEt+rUQpeRPox6zFKlJZ8sxpiV7IIHvCJdeUC577tmzXbsqfAi8QpSA0VaPjmlxsmNIsgVpQTKbuOnSovJ0IxymFccTMJKaFD0oeupjGJQHr59PYxPtRKiHuJ0BUrPFV/T+QkknIUBbozImog572J+J/XzVTv0stZnGYKYjpb1Ms4VgmeBIFDJoAqPtKEUMH0rZgOiCBU6bgqOgRn/uVF0jq2nHPr7O60Vr8u4iijfXSAjpCDLlAd3aIGaiKKntAzekVvxth4Md6Nj1lryShm9tAfGJ8/PEaTSg==</latexit>

d ' 3.9`0
<latexit sha1_base64="0jBljawyh9il4ktu1wK+mutRTVE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTia1l047KCfUATwmRy0w6dPJyZiCX0V9y4UMStP+LOv3HaZqGtBy4czrmXe+8JMs6ksu1vo7Kyura+Ud2sbW3v7O6Z+/WOTHNBoU1TnopeQCRwlkBbMcWhlwkgccChG4xupn73EYRkaXKvxhl4MRkkLGKUKC35Zj3ErmQxPOAzy3GBc9/2zYZt2TPgZeKUpIFKtHzzyw1TmseQKMqJlH3HzpRXEKEY5TCpubmEjNARGUBf04TEIL1idvsEH2slxFEqdCUKz9TfEwWJpRzHge6MiRrKRW8q/uf1cxVdeQVLslxBQueLopxjleJpEDhkAqjiY00IFUzfiumQCEKVjqumQ3AWX14mnVPLubDO784azesyjio6REfoBDnoEjXRLWqhNqLoCT2jV/RmTIwX4934mLdWjHLmAP2B8fkDMYKTQw==</latexit>

d ' 4.1`0
<latexit sha1_base64="d2lkU2Ya5VMjTAugqxfcDIJq4/0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTSqsuiG5cV7AOaECaT23bo5OHMRCyhv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHImlW1/G6W19Y3NrfJ2ZWd3b//APKx2ZJIJCm2a8ET0AiKBsxjaiikOvVQAiQIO3WB8M/O7jyAkS+J7NUnBi8gwZgNGidKSb1ZD7EoWwQNuWHUXOPdt36zZlj0HXiVOQWqoQMs3v9wwoVkEsaKcSNl37FR5ORGKUQ7TiptJSAkdkyH0NY1JBNLL57dP8alWQjxIhK5Y4bn6eyInkZSTKNCdEVEjuezNxP+8fqYGV17O4jRTENPFokHGsUrwLAgcMgFU8YkmhAqmb8V0RAShSsdV0SE4yy+vks655VxYjbt6rXldxFFGx+gEnSEHXaImukUt1EYUPaFn9IrejKnxYrwbH4vWklHMHKE/MD5/ADesk0c=</latexit>

d ' 5.4`0

<latexit sha1_base64="FjKpnHVwzYv4RZQeJh5RtiErJBU="></latexit>

f2 = const.

<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)

<latexit sha1_base64="crFlSvITRWcrckiuT4kGeiS+LSI="></latexit>

(d)

<latexit sha1_base64="3wNzNDxp2euQcwuCX7BoBmlccxQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqM741QFMRlBfuAtpRMetuGZh4kd8QydOfGX3HjQhG3/oI7/8b0sdDWE8I9nHMvyT1eJIVGx/m2UjOzc/ML6cXM0vLK6pq9vlHSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3s18Mv3oLQIgzvsRVD3WTsQLcEZGqlhb9cQHjC5VqHfr+2bA1LSCzooDefgqGFnnZwzBJ0m7phkyRiFhv1Va4Y89iFALpnWVdeJsJ4whYJL6GdqsYaI8S5rQ9XQgPmg68lwjz7dNUqTtkJlboB0qP6eSJivdc/3TKfPsKMnvYH4n1eNsXVeT0QQxQgBHz3UiiXFkA5CoU2hgKPsGcK4EuavlHeYYhxNdBkTgju58jQpHebc09zJ7XE2fzmOI022yA7ZIy45I3lyQwqkSDh5JM/klbxZT9aL9W59jFpT1nhmk/yB9fkDOG2YPg==</latexit>

From ` = `0/3

<latexit sha1_base64="3wNzNDxp2euQcwuCX7BoBmlccxQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqM741QFMRlBfuAtpRMetuGZh4kd8QydOfGX3HjQhG3/oI7/8b0sdDWE8I9nHMvyT1eJIVGx/m2UjOzc/ML6cXM0vLK6pq9vlHSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3s18Mv3oLQIgzvsRVD3WTsQLcEZGqlhb9cQHjC5VqHfr+2bA1LSCzooDefgqGFnnZwzBJ0m7phkyRiFhv1Va4Y89iFALpnWVdeJsJ4whYJL6GdqsYaI8S5rQ9XQgPmg68lwjz7dNUqTtkJlboB0qP6eSJivdc/3TKfPsKMnvYH4n1eNsXVeT0QQxQgBHz3UiiXFkA5CoU2hgKPsGcK4EuavlHeYYhxNdBkTgju58jQpHebc09zJ7XE2fzmOI022yA7ZIy45I3lyQwqkSDh5JM/klbxZT9aL9W59jFpT1nhmk/yB9fkDOG2YPg==</latexit>

From ` = `0/3

<latexit sha1_base64="gfDDG5HdC2uj59mXU+2xx3lABwE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqeP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBfi+MwA==</latexit>

1

<latexit sha1_base64="2fvfthwg1mRLBhwA3jth0GTm+tU=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJQY9ELx4hkUcCGzI79MLI7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfju7nffkKleSwfzCRBP6JDyUPOqLFSo9IvltyyuwBZJ15GSpCh3i9+9QYxSyOUhgmqdddzE+NPqTKcCZwVeqnGhLIxHWLXUkkj1P50ceiMXFhlQMJY2ZKGLNTfE1MaaT2JAtsZUTPSq95c/M/rpia88adcJqlByZaLwlQQE5P512TAFTIjJpZQpri9lbARVZQZm03BhuCtvrxOWpWyVy1XG1el2m0WRx7O4BwuwYNrqME91KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AH+zjME=</latexit>

2

<latexit sha1_base64="zAYiae0AiBpVJ1FsFEw+B7zCIFA=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbVoEeiF4+QyCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR3cxvPaHSPJYPZpygH9GB5CFn1FipftkrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa88SdcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1K9K1dssjjycwCmcgwfXUIV7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AIE3jMI=</latexit>

3

<latexit sha1_base64="j7wS8F7tKFAwj8Nbw54mK7S7CAI=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBKR6rHoxWMF+wFtKJvtpF272YTdjVBCf4EXD4pXf5M3/43bNgdtfTDweG+GmXlhKrg2nvftlDY2t7Z3yrvu3v7B4VHFPW7rJFMMWywRieqGVKPgEluGG4HdVCGNQ4GdcHI39zvPqDRP5KOZphjEdCR5xBk1Vnq4GlSqXs1bgKwTvyBVKNAcVL76w4RlMUrDBNW653upCXKqDGcCZ24/05hSNqEj7FkqaYw6yBeHzsi5VYYkSpQtachC/T2R01jraRzazpiasV715uJ/Xi8z0U2Qc5lmBiVbLooyQUxC5l+TIVfIjJhaQpni9lbCxlRRZmw2rg3BX315nbQva369Vq82boswynAKZ3ABPlxDA+6hCS1ggPACb/DuPDmvzseyseQUEyfwB87nDxg5i5k=</latexit>

4

<latexit sha1_base64="NdMpZsuiwn2Eva1zsWNOcBCzXuw=">AAACBXicbVDLSgMxFM3UV62vqktdBIvgQsqMSHUjFAVxWcE+oDOUTHrbhmYeJHfEMnTjxl9x40IRt/6DO//G9LHQ1hPCPZxzL8k9fiyFRtv+tjILi0vLK9nV3Nr6xuZWfnunpqNEcajySEaq4TMNUoRQRYESGrECFvgS6n7/auTX70FpEYV3OIjBC1g3FB3BGRqpld93ER4wvVZRMHSPzQEp6QUdlZbdyhfsoj0GnSfOlBTIFJVW/sttRzwJIEQumdZNx47RS5lCwSUMc26iIWa8z7rQNDRkAWgvHW8xpIdGadNOpMwNkY7V3xMpC7QeBL7pDBj29Kw3Ev/zmgl2zr1UhHGCEPLJQ51EUozoKBLaFgo4yoEhjCth/kp5jynG0QSXMyE4syvPk9pJ0SkVS7enhfLlNI4s2SMH5Ig45IyUyQ2pkCrh5JE8k1fyZj1ZL9a79TFpzVjTmV3yB9bnD0WPl8k=</latexit>

From ` = `0
<latexit sha1_base64="+xEtgFQb+P5MdIIegXVkXF5sGdE=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqMSnUjFAVxWcE+oC0lk962oZkHyR2xDN258VfcuFDErb/gzr8xfSy09YRwD+fcS3KPF0mh0XG+rdTc/MLiUno5s7K6tr5hb26VdRgrDiUeylBVPaZBigBKKFBCNVLAfE9CxetdDf3KPSgtwuAO+xE0fNYJRFtwhkZq2rt1hAdMrlXoD+qH5oCU9IIOS9M5OmnaWSfnjEBniTshWTJBsWl/1Vshj30IkEumdc11ImwkTKHgEgaZeqwhYrzHOlAzNGA+6EYy2mNA943Sou1QmRsgHam/JxLma933PdPpM+zqaW8o/ufVYmyfNxIRRDFCwMcPtWNJMaTDUGhLKOAo+4YwroT5K+VdphhHE13GhOBOrzxLysc5N5/L355mC5eTONJkh+yRA+KSM1IgN6RISoSTR/JMXsmb9WS9WO/Wx7g1ZU1mtskfWJ8/OL+YPw==</latexit>

From ` = `0/3

<latexit sha1_base64="RDrnGtpf4PiWJm8eeprywWKm9mM=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL9GTcLRTdsjsFWSReRoqQodotfLV7EUtCrpBJakzLc2PspFSjYJKP8+3E8JiyIe3zlqWKhtx00unFY3JslR4JIm1LIZmqvydSGhozCn3bGVIcmHlvIv7ntRIMrjqpUHGCXLHZoiCRBCMyeZ/0hOYM5cgSyrSwtxI2oJoytCHlbQje/MuLpH5a9i7K53dnxcp1FkcODuEISuDBJVTgFqpQAwYKnuEV3hzjvDjvzsesdcnJZg7gD5zPH1H8kLM=</latexit>

(a)

<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)

Figure 7: Results under identical area fraction f2 = const. (a) Variations of Ṽ (left axis) and G̃ (right axis)
as a function of normalized inclusion size d/DK where DK = 4ℓ0. Data points represented by squares are
from simulations with ℓ = ℓ0 while those represented by circles are from simulations with ℓ = ℓ0/3. Data
points encompassed by the black solid rectangle are from the configuration with f1|N=5. Four configurations
are highlighted by black dash rectangles. (b) Snapshots of the crack trajectory, picked at the same loading time,
for the four configurations highlighted in (a). (c) Average crack speed V̄in inside inclusions. (d) Average crack
speed V̄out outside inclusions.

5.2. Identical area fraction of inclusions without toughness contrast (α = 0.5, β = 1)

Lastly, we turn to complementary cases where there is no toughness contrast (β = 1), to
investigate the interplay between d and DK . Studies on layered materials [48, 59] showed that
a crack enters a stiff-to-compliant interface easily but has trouble exiting a compliant-to-stiff
interface. Therefore scenarios with α > 1 should be representative of those with α < 1 in terms
of studying the interplay between DK and d, in that a crack approaching a more compliant
inclusion is similar to a crack leaving a stiffer one, and vice versa. In light of this, we choose
more compliant inclusions (specifically α = 0.5) here mainly for numerical convenience, in that
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the same time step (for simulations with α = 0.4, β = 2.4) can be used, which also makes
the normalization in Eqn. 3.5 straightforward. Stiffer inclusions (α > 1), on the other hand,
may require a smaller time step to maintain numerical stability, thereby increasing also the
computational expense. We focus on the same design used in Section 5.1, considering d that
ranges from d ∼ 0.06a(2ℓ0) to d ∼ 0.26a(8.7ℓ0). Finally, ℓ = ℓ0/3 is used for all simulations.
Note that this suggests the crack nucleation is easier inside the inclusions compared to the base
medium.

<latexit sha1_base64="0spz5x3p5yvOOOAZt/2ZziOU2gM=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRPfG6HoxmUF+4A2lMn0ph06mcSZSaGEfocbF4q49WPc+TdO2yy09cC9HM65l7lz/JgzpR3n28otLa+sruXXCxubW9s7xd29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHdxO/MUSpWCQe9ShGLyQ9wQJGiTaS10bObyat45ycdYolp+xMYS8SNyMlyFDtFL/a3YgmIQpNOVGq5Tqx9lIiNaMcx4V2ojAmdEB62DJUkBCVl06PHttHRunaQSRNCW1P1d8bKQmVGoW+mQyJ7qt5byL+57USHVx7KRNxolHQ2UNBwm0d2ZME7C6TSDUfGUKoZOZWm/aJJFSbnAomBHf+y4ukflp2L8sXD+elym0WRx4O4BCOwYUrqMA9VKEGFJ7gGV7hzRpaL9a79TEbzVnZzj78gfX5A62ykWY=</latexit>

` = `0/3
<latexit sha1_base64="xQgm71MuTVxa0C/Od4lpQpwZO6M=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMAskQ+jp1CRNeha7ewJhyHd48aCIVz/Gm39jTzIHTXxQ1OO9Krr6ebHgStv2t1VYWV1b3yhulra2d3b3yvsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3WV+a4xS8Sh81JMY3YAOQu5zRrWR3C4KQW5I1np2r1yxq/YMZJk4OalAjnqv/NXtRywJMNRMUKU6jh1rN6VScyZwWuomCmPKRnSAHUNDGqBy09nRU3JilD7xI2kq1GSm/t5IaaDUJPDMZED1UC16mfif10m0f+2mPIwTjSGbP+QnguiIZAmQPpfItJgYQpnk5lbChlRSpk1OJROCs/jlZdI8qzqX1YuH80rtNo+jCEdwDKfgwBXU4B7q0AAGT/AMr/Bmja0X6936mI8WrHznEP7A+vwBdy6RRA==</latexit>

` = `0
<latexit sha1_base64="0spz5x3p5yvOOOAZt/2ZziOU2gM=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRPfG6HoxmUF+4A2lMn0ph06mcSZSaGEfocbF4q49WPc+TdO2yy09cC9HM65l7lz/JgzpR3n28otLa+sruXXCxubW9s7xd29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHdxO/MUSpWCQe9ShGLyQ9wQJGiTaS10bObyat45ycdYolp+xMYS8SNyMlyFDtFL/a3YgmIQpNOVGq5Tqx9lIiNaMcx4V2ojAmdEB62DJUkBCVl06PHttHRunaQSRNCW1P1d8bKQmVGoW+mQyJ7qt5byL+57USHVx7KRNxolHQ2UNBwm0d2ZME7C6TSDUfGUKoZOZWm/aJJFSbnAomBHf+y4ukflp2L8sXD+elym0WRx4O4BCOwYUrqMA9VKEGFJ7gGV7hzRpaL9a79TEbzVnZzj78gfX5A62ykWY=</latexit>

` = `0/3
<latexit sha1_base64="xQgm71MuTVxa0C/Od4lpQpwZO6M=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMAskQ+jp1CRNeha7ewJhyHd48aCIVz/Gm39jTzIHTXxQ1OO9Krr6ebHgStv2t1VYWV1b3yhulra2d3b3yvsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3WV+a4xS8Sh81JMY3YAOQu5zRrWR3C4KQW5I1np2r1yxq/YMZJk4OalAjnqv/NXtRywJMNRMUKU6jh1rN6VScyZwWuomCmPKRnSAHUNDGqBy09nRU3JilD7xI2kq1GSm/t5IaaDUJPDMZED1UC16mfif10m0f+2mPIwTjSGbP+QnguiIZAmQPpfItJgYQpnk5lbChlRSpk1OJROCs/jlZdI8qzqX1YuH80rtNo+jCEdwDKfgwBXU4B7q0AAGT/AMr/Bmja0X6936mI8WrHznEP7A+vwBdy6RRA==</latexit>

` = `0
<latexit sha1_base64="0spz5x3p5yvOOOAZt/2ZziOU2gM=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRPfG6HoxmUF+4A2lMn0ph06mcSZSaGEfocbF4q49WPc+TdO2yy09cC9HM65l7lz/JgzpR3n28otLa+sruXXCxubW9s7xd29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHdxO/MUSpWCQe9ShGLyQ9wQJGiTaS10bObyat45ycdYolp+xMYS8SNyMlyFDtFL/a3YgmIQpNOVGq5Tqx9lIiNaMcx4V2ojAmdEB62DJUkBCVl06PHttHRunaQSRNCW1P1d8bKQmVGoW+mQyJ7qt5byL+57USHVx7KRNxolHQ2UNBwm0d2ZME7C6TSDUfGUKoZOZWm/aJJFSbnAomBHf+y4ukflp2L8sXD+elym0WRx4O4BCOwYUrqMA9VKEGFJ7gGV7hzRpaL9a79TEbzVnZzj78gfX5A62ykWY=</latexit>

` = `0/3
<latexit sha1_base64="xQgm71MuTVxa0C/Od4lpQpwZO6M=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMAskQ+jp1CRNeha7ewJhyHd48aCIVz/Gm39jTzIHTXxQ1OO9Krr6ebHgStv2t1VYWV1b3yhulra2d3b3yvsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3WV+a4xS8Sh81JMY3YAOQu5zRrWR3C4KQW5I1np2r1yxq/YMZJk4OalAjnqv/NXtRywJMNRMUKU6jh1rN6VScyZwWuomCmPKRnSAHUNDGqBy09nRU3JilD7xI2kq1GSm/t5IaaDUJPDMZED1UC16mfif10m0f+2mPIwTjSGbP+QnguiIZAmQPpfItJgYQpnk5lbChlRSpk1OJROCs/jlZdI8qzqX1YuH80rtNo+jCEdwDKfgwBXU4B7q0AAGT/AMr/Bmja0X6936mI8WrHznEP7A+vwBdy6RRA==</latexit>

` = `0
<latexit sha1_base64="0spz5x3p5yvOOOAZt/2ZziOU2gM=">AAAB9HicbVDLSsNAFL2pr1pfVZdugkVwVRPfG6HoxmUF+4A2lMn0ph06mcSZSaGEfocbF4q49WPc+TdO2yy09cC9HM65l7lz/JgzpR3n28otLa+sruXXCxubW9s7xd29uooSSbFGIx7Jpk8Uciawppnm2IwlktDn2PAHdxO/MUSpWCQe9ShGLyQ9wQJGiTaS10bObyat45ycdYolp+xMYS8SNyMlyFDtFL/a3YgmIQpNOVGq5Tqx9lIiNaMcx4V2ojAmdEB62DJUkBCVl06PHttHRunaQSRNCW1P1d8bKQmVGoW+mQyJ7qt5byL+57USHVx7KRNxolHQ2UNBwm0d2ZME7C6TSDUfGUKoZOZWm/aJJFSbnAomBHf+y4ukflp2L8sXD+elym0WRx4O4BCOwYUrqMA9VKEGFJ7gGV7hzRpaL9a79TEbzVnZzj78gfX5A62ykWY=</latexit>

` = `0/3
<latexit sha1_base64="xQgm71MuTVxa0C/Od4lpQpwZO6M=">AAAB9HicbVDJSgNBEK2JW4xb1KOXxiB4CjPidhGCXjxGMAskQ+jp1CRNeha7ewJhyHd48aCIVz/Gm39jTzIHTXxQ1OO9Krr6ebHgStv2t1VYWV1b3yhulra2d3b3yvsHTRUlkmGDRSKSbY8qFDzEhuZaYDuWSANPYMsb3WV+a4xS8Sh81JMY3YAOQu5zRrWR3C4KQW5I1np2r1yxq/YMZJk4OalAjnqv/NXtRywJMNRMUKU6jh1rN6VScyZwWuomCmPKRnSAHUNDGqBy09nRU3JilD7xI2kq1GSm/t5IaaDUJPDMZED1UC16mfif10m0f+2mPIwTjSGbP+QnguiIZAmQPpfItJgYQpnk5lbChlRSpk1OJROCs/jlZdI8qzqX1YuH80rtNo+jCEdwDKfgwBXU4B7q0AAGT/AMr/Bmja0X6936mI8WrHznEP7A+vwBdy6RRA==</latexit>

` = `0

<latexit sha1_base64="3v/6I2ZiQqzCe71mJSb9OBQWzNU="></latexit>

1
<latexit sha1_base64="awA5Q9No4KtMoEinmYVeYAFYB2Y="></latexit>

2
<latexit sha1_base64="/oesEwi01Unfc/D1FyP0NX3y6wE="></latexit>

3
<latexit sha1_base64="7f7UKGvQyzfqzZlG0COyxpv6+No="></latexit>

4

<latexit sha1_base64="3v/6I2ZiQqzCe71mJSb9OBQWzNU="></latexit>

1

<latexit sha1_base64="0/14RBht+cMjdWt0hqhjy3a2GsQ="></latexit>

f2 = f1|N=5

<latexit sha1_base64="awA5Q9No4KtMoEinmYVeYAFYB2Y="></latexit>

2

<latexit sha1_base64="/oesEwi01Unfc/D1FyP0NX3y6wE="></latexit>

3

<latexit sha1_base64="7f7UKGvQyzfqzZlG0COyxpv6+No="></latexit>

4

<latexit sha1_base64="fgN6nlhs1lJN/hieh6pNkq2C/rY=">AAACBXicbVDLSgMxFM3UV62vqktdBIvgQsqM+NoIRUFcVrAPaIchk962oZkHyR2xDN248VfcuFDErf/gzr8xfSy09YRwD+fcS3KPH0uh0ba/rczc/MLiUnY5t7K6tr6R39yq6ihRHCo8kpGq+0yDFCFUUKCEeqyABb6Emt+7Gvq1e1BaROEd9mNwA9YJRVtwhkby8rtNhAdMr1UUDJqH5oCU9IIOi2d7+YJdtEegs8SZkAKZoOzlv5qtiCcBhMgl07rh2DG6KVMouIRBrploiBnvsQ40DA1ZANpNR1sM6L5RWrQdKXNDpCP190TKAq37gW86A4ZdPe0Nxf+8RoLtczcVYZwghHz8UDuRFCM6jIS2hAKOsm8I40qYv1LeZYpxNMHlTAjO9MqzpHpUdE6LJ7fHhdLlJI4s2SF75IA45IyUyA0pkwrh5JE8k1fyZj1ZL9a79TFuzViTmW3yB9bnD0U9l8g=</latexit>

From ` = `0
<latexit sha1_base64="3wNzNDxp2euQcwuCX7BoBmlccxQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqM741QFMRlBfuAtpRMetuGZh4kd8QydOfGX3HjQhG3/oI7/8b0sdDWE8I9nHMvyT1eJIVGx/m2UjOzc/ML6cXM0vLK6pq9vlHSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3s18Mv3oLQIgzvsRVD3WTsQLcEZGqlhb9cQHjC5VqHfr+2bA1LSCzooDefgqGFnnZwzBJ0m7phkyRiFhv1Va4Y89iFALpnWVdeJsJ4whYJL6GdqsYaI8S5rQ9XQgPmg68lwjz7dNUqTtkJlboB0qP6eSJivdc/3TKfPsKMnvYH4n1eNsXVeT0QQxQgBHz3UiiXFkA5CoU2hgKPsGcK4EuavlHeYYhxNdBkTgju58jQpHebc09zJ7XE2fzmOI022yA7ZIy45I3lyQwqkSDh5JM/klbxZT9aL9W59jFpT1nhmk/yB9fkDOG2YPg==</latexit>

From ` = `0/3

<latexit sha1_base64="cQJGluoZqTkeieqwcR306gh0eGo="></latexit>

�

<latexit sha1_base64="3v/6I2ZiQqzCe71mJSb9OBQWzNU="></latexit>

1

<latexit sha1_base64="bcHmsLk6XnWP+prQ8th55NFE7gg="></latexit>

0

<latexit sha1_base64="DrkL8DMpHHb+mhu/PI4SUr/JdMM=">AAAB/3icbVDLSgNBEJyNrxhfUcGLl8EgeAq74usY9OIxonlAEsLspJMMmZ1dZnrFsObgr3jxoIhXf8Obf+Mk2YMmFjQUVd10d/mRFAZd99vJLCwuLa9kV3Nr6xubW/ntnaoJY82hwkMZ6rrPDEihoIICJdQjDSzwJdT8wdXYr92DNiJUdziMoBWwnhJdwRlaqZ3fayI8YHIbMCmpHyPtgDIwaucLbtGdgM4TLyUFkqLczn81OyGPA1DIJTOm4bkRthKmUXAJo1wzNhAxPmA9aFiqWACmlUzuH9FDq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn1xuJ/XiPG7kUrESqKERSfLurGkmJIx2HQjtDAUQ4tYVwLeyvlfaYZRxtZzobgzb48T6rHRe+seHpzUihdpnFkyT45IEfEI+ekRK5JmVQIJ4/kmbySN+fJeXHenY9pa8ZJZ3bJHzifPzX0lj0=</latexit>

Small but dense
<latexit sha1_base64="P4yWu5NMhEytgfsEKUn2eJagyCM=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXfJVBGwuLCOYBSQizk7vJkNkHM3fFsGzjr9hYKGLrZ9j5N06SLTTxwIXDOfdy7z1eLIVGx/m2FhaXlldWC2vF9Y3NrW17Z7euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3vB67DceQGkRhfc4iqETsH4ofMEZGqlr77cRHjG9ZaoP1EuQ6pgpDVnXLjllZwI6T9yclEiOatf+avcingQQIpdM65brxNhJmULBJWTFdqIhZnzI+tAyNGQB6E46eSCjR0bpUT9SpkKkE/X3RMoCrUeBZzoDhgM9643F/7xWgv5lJxVhnCCEfLrITyTFiI7ToD2hgKMcGcK4EuZWygdMMY4ms6IJwZ19eZ7UT8ruefns7rRUucrjKJADckiOiUsuSIXckCqpEU4y8kxeyZv1ZL1Y79bHtHXBymf2yB9Ynz8Os5a4</latexit>

Large but sparse
<latexit sha1_base64="OZVqguQyOqQDm0jBVxxP2BHG2cQ=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFchaT4WhbduKxgH9CEMJnctEMnD2cmYgn9FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuCjDOpbPvbWFldW9/YrGxVt3d29/bNg1pHprmg0KYpT0UvIBI4S6CtmOLQywSQOODQDUY3U7/7CEKyNLlX4wy8mAwSFjFKlJZ8sxZiV7IYHnDDarjAuW/7Zt227BnwMnFKUkclWr755YYpzWNIFOVEyr5jZ8oriFCMcphU3VxCRuiIDKCvaUJikF4xu32CT7QS4igVuhKFZ+rviYLEUo7jQHfGRA3lojcV//P6uYquvIIlWa4gofNFUc6xSvE0CBwyAVTxsSaECqZvxXRIBKFKx1XVITiLLy+TTsNyLqzzu7N687qMo4KO0DE6RQ66RE10i1qojSh6Qs/oFb0ZE+PFeDc+5q0rRjlziP7A+PwBL/STQg==</latexit>

d ' 2.2`0
<latexit sha1_base64="S961ff2GfW4K12ugve4f9oYlhZQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiS+3RXduKxgH9CEMJnctkMnD2cmYgn9FTcuFHHrj7jzb5y2WWjrgQuHc+7l3nuClDOpbPvbKC0tr6yuldcrG5tb2zvmbrUlk0xQaNKEJ6ITEAmcxdBUTHHopAJIFHBoB8Obid9+BCFZEt+rUQpeRPox6zFKlJZ8sxpiV7IIHvCJdeUC577tmzXbsqfAi8QpSA0VaPjmlxsmNIsgVpQTKbuOnSovJ0IxymFccTMJKaFD0oeupjGJQHr59PYxPtRKiHuJ0BUrPFV/T+QkknIUBbozImog572J+J/XzVTv0stZnGYKYjpb1Ms4VgmeBIFDJoAqPtKEUMH0rZgOiCBU6bgqOgRn/uVF0jq2nHPr7O60Vr8u4iijfXSAjpCDLlAd3aIGaiKKntAzekVvxth4Md6Nj1lryShm9tAfGJ8/PEaTSg==</latexit>

d ' 3.9`0
<latexit sha1_base64="0jBljawyh9il4ktu1wK+mutRTVE=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTia1l047KCfUATwmRy0w6dPJyZiCX0V9y4UMStP+LOv3HaZqGtBy4czrmXe+8JMs6ksu1vo7Kyura+Ud2sbW3v7O6Z+/WOTHNBoU1TnopeQCRwlkBbMcWhlwkgccChG4xupn73EYRkaXKvxhl4MRkkLGKUKC35Zj3ErmQxPOAzy3GBc9/2zYZt2TPgZeKUpIFKtHzzyw1TmseQKMqJlH3HzpRXEKEY5TCpubmEjNARGUBf04TEIL1idvsEH2slxFEqdCUKz9TfEwWJpRzHge6MiRrKRW8q/uf1cxVdeQVLslxBQueLopxjleJpEDhkAqjiY00IFUzfiumQCEKVjqumQ3AWX14mnVPLubDO784azesyjio6REfoBDnoEjXRLWqhNqLoCT2jV/RmTIwX4934mLdWjHLmAP2B8fkDMYKTQw==</latexit>

d ' 4.1`0
<latexit sha1_base64="d2lkU2Ya5VMjTAugqxfcDIJq4/0=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgKiTSqsuiG5cV7AOaECaT23bo5OHMRCyhv+LGhSJu/RF3/o3TNgttPXDhcM693HtPkHImlW1/G6W19Y3NrfJ2ZWd3b//APKx2ZJIJCm2a8ET0AiKBsxjaiikOvVQAiQIO3WB8M/O7jyAkS+J7NUnBi8gwZgNGidKSb1ZD7EoWwQNuWHUXOPdt36zZlj0HXiVOQWqoQMs3v9wwoVkEsaKcSNl37FR5ORGKUQ7TiptJSAkdkyH0NY1JBNLL57dP8alWQjxIhK5Y4bn6eyInkZSTKNCdEVEjuezNxP+8fqYGV17O4jRTENPFokHGsUrwLAgcMgFU8YkmhAqmb8V0RAShSsdV0SE4yy+vks655VxYjbt6rXldxFFGx+gEnSEHXaImukUt1EYUPaFn9IrejKnxYrwbH4vWklHMHKE/MD5/ADesk0c=</latexit>

d ' 5.4`0

<latexit sha1_base64="FjKpnHVwzYv4RZQeJh5RtiErJBU="></latexit>

f2 = const.

<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)

<latexit sha1_base64="crFlSvITRWcrckiuT4kGeiS+LSI="></latexit>

(d)

<latexit sha1_base64="3wNzNDxp2euQcwuCX7BoBmlccxQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqM741QFMRlBfuAtpRMetuGZh4kd8QydOfGX3HjQhG3/oI7/8b0sdDWE8I9nHMvyT1eJIVGx/m2UjOzc/ML6cXM0vLK6pq9vlHSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3s18Mv3oLQIgzvsRVD3WTsQLcEZGqlhb9cQHjC5VqHfr+2bA1LSCzooDefgqGFnnZwzBJ0m7phkyRiFhv1Va4Y89iFALpnWVdeJsJ4whYJL6GdqsYaI8S5rQ9XQgPmg68lwjz7dNUqTtkJlboB0qP6eSJivdc/3TKfPsKMnvYH4n1eNsXVeT0QQxQgBHz3UiiXFkA5CoU2hgKPsGcK4EuavlHeYYhxNdBkTgju58jQpHebc09zJ7XE2fzmOI022yA7ZIy45I3lyQwqkSDh5JM/klbxZT9aL9W59jFpT1nhmk/yB9fkDOG2YPg==</latexit>

From ` = `0/3

<latexit sha1_base64="3wNzNDxp2euQcwuCX7BoBmlccxQ=">AAACB3icbVDLSgMxFM3UV62vUZeCBIvgQuqM741QFMRlBfuAtpRMetuGZh4kd8QydOfGX3HjQhG3/oI7/8b0sdDWE8I9nHMvyT1eJIVGx/m2UjOzc/ML6cXM0vLK6pq9vlHSYaw4FHkoQ1XxmAYpAiiiQAmVSAHzPQllr3s18Mv3oLQIgzvsRVD3WTsQLcEZGqlhb9cQHjC5VqHfr+2bA1LSCzooDefgqGFnnZwzBJ0m7phkyRiFhv1Va4Y89iFALpnWVdeJsJ4whYJL6GdqsYaI8S5rQ9XQgPmg68lwjz7dNUqTtkJlboB0qP6eSJivdc/3TKfPsKMnvYH4n1eNsXVeT0QQxQgBHz3UiiXFkA5CoU2hgKPsGcK4EuavlHeYYhxNdBkTgju58jQpHebc09zJ7XE2fzmOI022yA7ZIy45I3lyQwqkSDh5JM/klbxZT9aL9W59jFpT1nhmk/yB9fkDOG2YPg==</latexit>

From ` = `0/3
<latexit sha1_base64="xTnVU9LIIvMUIutHcVm1RgxoeJo=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVvV6p7FbcGcgy8XJShhy1Xumr249ZGqE0TFCtO56bGD+jynAmcFLsphoTykZ0gB1LJY1Q+9ns0Ak5tUqfhLGyJQ2Zqb8nMhppPY4C2xlRM9SL3lT8z+ukJrzxMy6T1KBk80VhKoiJyfRr0ucKmRFjSyhT3N5K2JAqyozNpmhD8BZfXibN84p3VbmsX5Srt3kcBTiGEzgDD66hCvdQgwYwQHiGV3hzHp0X5935mLeuOPnMEfyB8/kDfd2Mvw==</latexit>

1
<latexit sha1_base64="htDuQjORXNou1hfoTFX09yID8ig=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryPRi0dI5JHAhswOvTAyO7uZmTUhhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobua3nlBpHssHM07Qj+hA8pAzaqxUr/SKJbfszkFWiZeREmSo9Ypf3X7M0gilYYJq3fHcxPgTqgxnAqeFbqoxoWxEB9ixVNIItT+ZHzolZ1bpkzBWtqQhc/X3xIRGWo+jwHZG1Az1sjcT//M6qQlv/AmXSWpQssWiMBXExGT2NelzhcyIsSWUKW5vJWxIFWXGZlOwIXjLL6+SZqXsXZUv6xel6m0WRx5O4BTOwYNrqMI91KABDBCe4RXenEfnxXl3PhatOSebOYY/cD5/AH9hjMA=</latexit>

2
<latexit sha1_base64="weoL8WmA1iDu0bFMSrtSLdtU9Sg=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHZ9H4lePEIijwQ2ZHZoYGR2djMza0I2fIEXDxrj1U/y5t84wB4UrKSTSlV3uruCWHBtXPfbya2srq1v5DcLW9s7u3vF/YOGjhLFsM4iEalWQDUKLrFuuBHYihXSMBDYDEZ3U7/5hErzSD6YcYx+SAeS9zmjxkq1826x5JbdGcgy8TJSggzVbvGr04tYEqI0TFCt254bGz+lynAmcFLoJBpjykZ0gG1LJQ1R++ns0Ak5sUqP9CNlSxoyU39PpDTUehwGtjOkZqgXvan4n9dOTP/GT7mME4OSzRf1E0FMRKZfkx5XyIwYW0KZ4vZWwoZUUWZsNgUbgrf48jJpnJW9q/Jl7aJUuc3iyMMRHMMpeHANFbiHKtSBAcIzvMKb8+i8OO/Ox7w152Qzh/AHzucPgOWMwQ==</latexit>

3
<latexit sha1_base64="VFuKpcP2szKC8d4watpjz6oE7OE=">AAAB5HicbVBNS8NAEJ3Urxq/qlcvi0XwVBLx61j04rGC/YA2lM120q7dbMLuRiihv8CLB8Wrv8mb/8Ztm4O2Phh4vDfDzLwwFVwbz/t2SmvrG5tb5W13Z3dv/6DiHrZ0kimGTZaIRHVCqlFwiU3DjcBOqpDGocB2OL6b+e1nVJon8tFMUgxiOpQ84owaKz1c9CtVr+bNQVaJX5AqFGj0K1+9QcKyGKVhgmrd9b3UBDlVhjOBU7eXaUwpG9Mhdi2VNEYd5PNDp+TUKgMSJcqWNGSu/p7Iaaz1JA5tZ0zNSC97M/E/r5uZ6CbIuUwzg5ItFkWZICYhs6/JgCtkRkwsoUxxeythI6ooMzYb14bgL7+8SlrnNf+qdlmt3xZhlOEYTuAMfLiGOtxDA5rAAOEF3uDdeXJenY9FY8kpJo7gD5zPHxfri5g=</latexit>

4
<latexit sha1_base64="/tTlddFi10QdICIRV/sBHdL5Dc0=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBDiJeyKr2PQi8cI5oFJCLOT2WTI7Owy0yuGJX/hxYMiXv0bb/6Nk2QPmljQUFR1093lx1IYdN1vZ2l5ZXVtPbeR39za3tkt7O3XTZRoxmsskpFu+tRwKRSvoUDJm7HmNPQlb/jDm4nfeOTaiEjd4yjmnZD2lQgEo2ilhzbyJ0xL/sm4Wyi6ZXcKski8jBQhQ7Vb+Gr3IpaEXCGT1JiW58bYSalGwSQf59uJ4TFlQ9rnLUsVDbnppNOLx+TYKj0SRNqWQjJVf0+kNDRmFPq2M6Q4MPPeRPzPayUYXHVSoeIEuWKzRUEiCUZk8j7pCc0ZypEllGlhbyVsQDVlaEPK2xC8+ZcXSf207F2Uz+/OipXrLI4cHMIRlMCDS6jALVShBgwUPMMrvDnGeXHenY9Z65KTzRzAHzifP1OCkLQ=</latexit>

(b)<latexit sha1_base64="P4yWu5NMhEytgfsEKUn2eJagyCM=">AAACAHicbVC7SgNBFJ31GeNr1cLCZjAIVmFXfJVBGwuLCOYBSQizk7vJkNkHM3fFsGzjr9hYKGLrZ9j5N06SLTTxwIXDOfdy7z1eLIVGx/m2FhaXlldWC2vF9Y3NrW17Z7euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3vB67DceQGkRhfc4iqETsH4ofMEZGqlr77cRHjG9ZaoP1EuQ6pgpDVnXLjllZwI6T9yclEiOatf+avcingQQIpdM65brxNhJmULBJWTFdqIhZnzI+tAyNGQB6E46eSCjR0bpUT9SpkKkE/X3RMoCrUeBZzoDhgM9643F/7xWgv5lJxVhnCCEfLrITyTFiI7ToD2hgKMcGcK4EuZWygdMMY4ms6IJwZ19eZ7UT8ruefns7rRUucrjKJADckiOiUsuSIXckCqpEU4y8kxeyZv1ZL1Y79bHtHXBymf2yB9Ynz8Os5a4</latexit>

Large but sparse
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Figure 8: (a) Variations of Ṽ (left axis) and G̃ (right axis) as a function of normalized inclusion size d/DK .
Four configurations are highlighted. (b) Snapshots of the crack trajectory, picked at the same loading time,
for the four configurations highlighted in (a). (c) Average crack speed V̄in inside inclusions. (d) Average crack
speed V̄out outside inclusions.

For these scenarios, stress fluctuation still exists as long as α ̸= 1, and therefore DK should
still play a role in modulating crack-inclusion interactions. This is confirmed by comparing
Figs. 8(a), (c), and (d) with Figs. 7(a), (c), and (d): the best toughening outcome occurs
at d/DK = 1, and the average crack speed inside inclusions is largely independent of d for
d > DK , but it rapidly increases as soon as d decreases to be smaller than DK . Since inclusions
here are no longer as tough as those in Section 5.1 (β = 2.4), they are not as effective in
terms of delaying crack propagation, and therefore they collectively give rise to larger Ṽ and
smaller G̃ (see Fig. 7(a) for a comparison). Another relevant factor is that a crack is easier to
nucleate inside the inclusions as we set ℓ to be uniform. Decreasing ℓ for the inclusion material
will delay crack nucleation, and we expect it to shift Ṽ downward and G̃ upward8. Fig. 8(b)

8Again, this becomes computationally challenging for us to verify due to changes needed in decreasing δ and
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visualizes the final crack trajectory for four configurations highlighted in Fig. 8(a). Note that
for configuration #4, G̃ is very close to one. This may be attributed to coupling effects induced
by multiple inclusions enclosed by the K-dominant zone, which we have discussed in Section 5.1.
More specifically, the crack tip has trouble interacting with inclusions one at a time, and in
particular, it can sense simultaneously the compliant-to-stiff interface (which slows down crack
propagation) and the adjacent stiff-to-compliant interface (which does not slow down crack
propagation), leading to less effective toughening.

6. Summary

Using a variational phase-field approach, we investigate mesoscale size effects of material
heterogeneities on dynamic crack propagation in brittle solids under quasi-static loading condi-
tions. We consider a simple case using a single array of square inclusions to represent mesoscale
heterogeneities. We study how altering their geometrical and mechanical configurations can lead
to different crack propagation dynamics under a Mode-I loading condition. We summarize our
main findings below:

• When ℓ ≃ d, numerical issues can arise in that a crack deflects away from inclusions
even though our problem setup is entirely symmetric. Finite-element discretization likely
plays a role as well: a slightly skewed crack path due to element bias can be amplified by
elastic mismatch (as well as wave propagation) when approaching an inclusion. Therefore,
caution must be taken in applying PF models to study heterogeneous materials; when
possible, it is desired to ensure that the scale of heterogeneity is much larger than ℓ.

• Changing ℓ does not change appreciably the size of the effective K-dominant zone (DK),
but it does change the size of the PF-regularized zone.

• Results from using ℓ0 and ℓ0/3 both suggest an interesting size interplay between the size
of the inclusion and that of the K-dominant zone in the presence of elastic and toughness
contrast. Fixing the area fraction of inclusions and matching the inclusion size d with the
size of the K-dominant zone (DK) appears to give the best toughening outcome. This
size interplay between d and DK is still operative when there is only elastic contrast.

• For scenarios where elastic contrast is present, the size of the K-dominant zone may be
viewed as the minimum size for an inclusion to interact effectively with a crack. Therefore,
to toughen a material in these scenarios, it is more efficient to increase the number of
inclusions available to interact effectively with a crack (i.e., so long as d ≥ DK).

One limitation of our work lies in the length scale ℓ used in PF models. Although ℓ does
not seem to change qualitatively the conclusions of our study (e.g., size interplay between d
and DK), it will change quantitatively the toughening outcome (i.e., Ṽ and G̃). The numerical
issue tied to ℓ ≃ d should vanish as ℓ → 0, but we are unable to verify it at this stage due
to excessive computational expenses. Alternatively, how small should ℓ be compared to d for

simulation time step at the same time.
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simulation results to be representative of real materials? A convergence analysis considering a
crack interacting with a single inclusion can be computationally tractable and thus help answer
this question. Still, the length scale set by ℓ and the associated excessive computational cost
make it very challenging to probe into configurations with very small d. As such, performing
fracture experiments using 3D-printed samples with well-controlled heterogeneity geometry (in
a way similar to [25]) should be helpful for testing the general applicability of our work to real
brittle materials. In particular, such experiments will be useful for studying different inclusion
geometries. An inclusion that is not square-shaped will likely change the stress distribution
within the K-dominant zone, leading to different crack-inclusion interactions and toughening
outcomes.

It will also be interesting to study scenarios with only toughness contrast. In these scenarios,
the stress fluctuation caused by elastic mismatch no longer exists, and the stress distribution
inside the K-dominant zone should not depend on the size of the inclusion. So, as a crack
approaches and penetrates through an inclusion, the stress distribution ahead of the tip will
not change and the response (e.g., the crack speed inside inclusions) should be independent
of inclusion size. The interplay between d and DK may only become relevant in terms of
influencing crack nucleation at the interface by modulating how fast the stress builds up to the
crack nucleation stress (which can differ between the inclusion and base material). It will be
interesting to see what does the average response looks like and the effect of ℓ in this regard.
Additionally, in reality, when the inclusion becomes large enough a weak interface can emerge
between the inclusion and the base medium, and it can trap an incoming crack if its toughness
is small enough [48]. Incorporating a cohesive zone model [49] will be useful in accounting for
these interfacial effects that can become pronounced for curved interfaces [69], especially in a
three-dimensional setting [70].

Lastly, it will be helpful to develop a more systematic and efficient approach to estimate DK :
given an estimation of the application’s and (mesoscale) defects’ geometry and size, how do
we quickly give a reliable estimation on the range of DK considering crack evolution? Further,
how significant is the effect of fluctuating crack speed on DK? Previous work has shown that
increasing crack speed leads to decreasing the size of the process zone [68], which implies
a possible change to DK as well. Does such a change of DK require a modification of the
optimal design strategy obtained from a quasi-static estimation? In our work, the crack speed
fluctuation is not significant due to a quasi-static loading condition (partly due to our choices
of inclusion materials). Therefore, estimating DK using a quasi-static approximation seems
accurate enough from a design perspective. However, the crack speed can fluctuate significantly
for dynamic loading conditions and even approach the Rayleigh wave speed when interacting
with heterogeneities. In these scenarios, a quasi-static approximation may not hold, and a
dynamic formula considering the effect of instantaneous crack tip speed is needed [66, 71].
Moreover, early experiments have suggested the possible lack of the K-dominant zone due to
the highly transient nature of the crack tip motion [71, 72] under dynamic loadings, whose
implication toward our finding merits further investigation. Studying the variation of DK

as a function of different loading rates (as well as crack speed) can therefore be helpful for
applications in extreme conditions such as high-speed impact.
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Appendix A. Implementation and verification of our phase-field simulator

Following [39] for modeling fracture in brittle solids, we decompose the elastic strain energy
shown in Eqn. 2.1 to a tensile part (“+”) and a compressive part (“− ”), with the phase-field
acting only on the former:

We(ϵij, ϕ) = [(1− k)(1− ϕ)2 + k]We,+(ϵij) +We,−(ϵij), (A.1)

where ϵij = (ui,j+uj,i)/2 is the infinitesimal strain tensor, and k is a user-defined small constant
used for numerical convenience, preventing We,+ from vanishing as ϕ → 1. To compute We,+

and We,−, we first calculate the tensile part ϵ+ and the compressive part ϵ− of ϵ using spectral
decomposition [39]:

ϵij = ϵ+ij + ϵ−ij, (A.2)

with ϵ+ij =
2∑

d=1

⟨ϵd⟩+nd
in

d
j , (A.3)

and ϵ−ij =
2∑

d=1

⟨ϵd⟩−nd
in

d
j , (A.4)

where ϵd is the d-th eigenvalue of ϵ, nd is the corresponding eigenvector, ⟨x⟩+ stands for (x +
|x|)/2, and ⟨x⟩− stands for (x − |x|)/2 with |x| being the absolute value of x. We can then
express We,+(ϵij) and We,−(ϵij) as the following:

We,+(ϵij) =
1

2
λ⟨ϵkk⟩2+ + µϵ+kjϵ

+
jlδkl, (A.5)

We,−(ϵij) =
1

2
λ⟨ϵkk⟩2− + µϵ−kjϵ

−
jlδkl, (A.6)
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where λ and µ are the Lamé constants that can be determined from the Young’s modulus E
and the Poisson’s ratio ν. Applying the principle of least action to Eqn. 2.1 with We expressed
using Eqns. A.1, A.5 and A.5, we arrive at the following two governing equations:

σij,j + bi = ρüi, (A.7)[
1 +

4cwℓ(1− k)

GC

We,+

]
ϕ− ℓ2ϕ,ii =

4cwℓ(1− k)

GC

We,+, (A.8)

where σij = ∂We/∂ϵij. We enforce the irreversible growth condition ϕ̇ > 0 using a strain-history
field [39] over the simulation domain:

H(x, t) = max
s∈[0,t]

We,+ (ϵ(x, s)) ∀x ∈ Ω. (A.9)

Replacing We,+ with H(x, t) in Eqn. A.8 we then want to solve:

σij,j + bi = ρüi, (A.10)[
1 +

4cwℓ(1− k)

GC

H
]
ϕ− ℓ2ϕ,ii =

4cwℓ(1− k)

GC

H, (A.11)

together with the following Neumann boundary conditions (plus any existing Dirichlet boundary
conditions) :

σijnj = ti on ∂Ω, (A.12)

ϕ,ini = 0 on ∂Ω. (A.13)

We note that Eqn. A.11 is in fact the same as Eqn. 9 presented in [40]. This can be
easily checked by redefining ϕ = 0 as fully damaged and ϕ = 1 as fully intact and by inserting
cw = 1/2 and substituting ℓ = 2ϵ. We solve Eqns. A.10 and A.11 weakly following a standard
finite element discretization and calculation procedure, using the alternating minimization (or
staggered) scheme. We verify our implementation using published simulation results of the
classical Kalthoff-Winkler experiment [54]. Fig. A.9(a) shows the simulation domain and
boundary condition where we also take advantage of the symmetric nature of the experiment
to reduce computational cost. We model the impactor by applying the following velocity to the
lower left boundary:

v =

{
t
t0
v0 t ≤ t0,

v0 t > t0,
(A.14)

with v0 = 16.5 m/s and t0 = 1 µs. The material properties are taken from [40]: ρ = 8000 kg/m3,
E = 190 GPa, ν = 0.3, and GC = 2.213×104 J/m2. We use k = 1×10−12 as the small constant
used for preventing We,+ from vanishing. We model the initial crack as an explicit discontinuity
that resembles a sharp wedge. We use ℓ = 3.9 × 10−4 m (equivalently ϵ = 1.95 × 10−4 m as
in [40]) and t = 0.04 µs. We refine elements around where the crack is expected to propagate
and ensure the element size within the refined region satisfies δ < ℓ/2. Figs. A.9(b) and A.9(c)
show the temporal evolution of the total elastic energy and dissipated energy obtained from our
simulator, respectively. Our results agree well with those extracted from [40] that considered
multiple element sizes. Fig. A.10 shows the temporal evolution of crack trajectory for four
different time instants, all of which agree qualitatively with measurements from experiments
[54] and simulations [40].
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Figure A.9: (a) Geometry and boundary condition of the simulation domain. (b) Temporal evolution of the
system’s kinetic energy obtained from our simulator (red circle) and from [40] using various element sizes (curves
colored in black). (c) A similar plot to (b) but showing the temporal evolution of the system’s dissipated energy
through fracture.

Figure A.10: Snapshots obtained from our simulation showing the crack trajectory at four different time instants:
t = 24.8 µs, t = 33.8 µs, t = 42.8 µs, and t = 51.8 µs.

Appendix B. Introduction to our crack tip tracking algorithm

We identify the boundary of a crack using a user-defined phase field value ϕc. In this work,
we pick ϕc = 0.85. This algorithm finds what can be considered the tip of the boundary (i.e.,
the crack tip) in four steps (see Fig. B.11): starting from the phase field and mesh data at a
particular time step, it first reconstructs the iso-curve, isolates points near the tip, resamples
these points, then computes the tip by looking for symmetries in the curvature. The algorithm
is efficient and parallelizable, as multiple times teps can be analyzed at once.

The algorithm first constructs the iso-curve from the phase field and mesh data of a given
time step. Here, the iso-curve is represented by a list of ordered pairs, [(x1, y1), (x2, y2), ..., (xn, yn)],
where each ordered pair represents a point in which the isocurve intersects with an element
edge. The algorithm computes this list by looping through all elements and stopping when
encountering an element (denoted as #n) whose nodal phase field values ϕn1, ϕn2, ϕn3 satisfy
ϕni < ϕc < ϕnj for at least one edge of that element. Then, starting from the edge (ni, nj),
it uses knowledge of mesh connectivity to look for the next edge where ϕni < ϕc < ϕnj.
It stores the (x, y) location of where ϕ = ϕc on an edge (ni, nj) as the next element in
the list [(x1, y1), (x2, y2), ..., (xn, yn)]. The algorithm terminates when no more adjacent edges
ϕni < ϕc < ϕnj can be found. It then travels in reverse to sample the rest of the iso-curve.
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Figure B.11: A schematic demonstrating our crack tip tracking method.

From the list [(x1, y1), (x2, y2), ..., (xn, yn)], the algorithm moves to isolate points on the iso-
curve that are near the approximate location of the tip. This step is necessary because the end
goal is to obtain the tip location using symmetries in the curvature of the iso-curve. However, in
particularly straight cracks (which have a uniform curvature of zero along the sides), or cracks
with even curvature throughout, this method can easily misidentify the tip. Thus, points of
ϕ = ϕc near the crack tip are first found and isolated. This is done by finding the closest
vector between two points that are within some user-defined threshold of being anti-parallel.
Specifically, let x1 = (xi, yi), x2 = (xj, yj) be two points on the iso-curve where i < j. We wish
to find the combination of (i, j) such that the quantity j − i is as small as possible, and that
x1·x2

|x1||x2| ≈ −1. In practice, we simply stop the algorithm when x1·x2

|x1||x2| is within some range cen-
tered at −1. Following this step, an approximate envelope consisting of the tip can be identified
by a new list containing a reduced number of points [(xi, yi), (xi+1, yi+1), ..., (xj−1, yj−1), (xj, yj)].
From this new list the points are resampled with a greater density using linear interpolation
and a Gaussian smoothing process (to remove discontinuities in the curvature). Denoting the
resampled curve to be [(xR

1 , y
R
1 ), ..., (x

R
nR
, yRnR

)], where nR is the total number of points created
in the resampling process. Then, a simple curvature calculation is performed on this curve
using numerical differentiation. More specifically, since the points of the iso-curve are in an
ordered list, the curvature κ at any point i can be found by

κi =
[(xi+1 − xi−1)

2 + (yi+1 − yi−1)
2]

3/2

|(xi+1 − xi−1)(yi+2 − 2yi + yi−2)− (xi+2 − 2xi + xi−2)(yi+1 − yi−1)|
, (B.1)

which is essentially the numerical formulation of the curvature of a pair of parameterized
functions in Cartesian coordinates:

κ =
[(x′)2 + (y′)2]

3/2

|x′y′′ − x′′y′| . (B.2)
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This calculation results in a list of curvatures (κ3, κ4, ..., κnR−2), and the algorithm proceeds to
look for the point κi where the curvature plot is most symmetrical within some window l. This
is done by summing the quantity (κi−k − κi+k)

2 where k = 1, 2, ..., l. Essentially, we compute
the difference between a point with an indicial distance k on the left-hand side of i, and a point
with an indicial distance k on the right-hand side of i. We square this difference, and we sum
this value over all possible values of k from 1 to l. This means computing:

Error associated with point i =
l∑

k=1

(κi−k − κi+k)
2. (B.3)

The lower this error, the more symmetrical the curve is around the point i. Since we need to
use a window of size l to calculate this error, we simply do not consider points within an indicial
distance of l from the end of the resampled curve to avoid issues with this calculation. Then,
the point with the lowest error is denoted as the crack tip for the considered time step, and
the actual location of the tip is found by the identical index i+ 2 in the non-smoothed version
of the resampled curve. We add this value of 2 because the curvature calculation removed two
entries from the indices.
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