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Abstract

The stress intensity factor describes the stress state around a crack tip in a solid material and
is important for understanding crack initiation and propagation. Because stresses cannot be
measured directly, the characterization of the stress intensity factor relies on the measurement
of deformation around a crack tip. Such measurements are challenging for dynamic fracture of
brittle materials where the deformation is small and the crack tip velocity can be high. Dig-
ital gradient sensing (DGS) is capable of full-field measurement of surface deformation with
a sub-micrometer sensitivity and a sub-microsecond temporal resolution, but it has only been
demonstrated on centimeter-scale specimens with a spatial resolution of ∼ 1 mm. This makes
it challenging to measure deformations close to the crack tip. Here, we demonstrate the poten-
tial of Shack-Hartmann wavefront sensing (SHWFS), as an alternative to DGS, for measuring
surface deformation during dynamic brittle fracture of millimeter-scale specimens. Using an
opaque commercial glass ceramic as an example material, we demonstrate the capability of
SHWFS to measure the surface slope evolution induced by a propagating crack with a microm-
eter spatial resolution and a sub-microsecond temporal resolution. The SHWFS apparatus has
the additional advantage of being physically more compact than a typical DGS apparatus. We
interpret our SHWFS measurements of the surface slope by comparing them with 2D analytical
predictions and phase-field simulations as well as 3D linear-elastic FEM simulations, based on
which we discuss the relevance of 3D effects around the crack tip. Then, we introduce our pro-
cedure for extracting the apparent stress intensity factor associated with the propagating crack
tip using SHWFS measurements. We conclude by discussing potential future enhancements
of this technique and how its compactness could enable the integration of SHWFS with other
characterization techniques including x-ray phase-contrast imaging (XPCI) for multi-modal
characterization of dynamic fracture.
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1. Introduction1

The stress intensity factor (SIF or KI in Mode-I condition) is a critical parameter for un-2

derstanding the fracture of materials, and can be experimentally obtained indirectly through3

measurements of the displacement field in the K-dominant zone around a crack tip. An ideal4

measurement technique would provide full-field measurement (e.g., displacement, stress, etc)5

with good spatial resolution, be fast enough to allow measurement of the stress intensity around6

the tip of a propagating crack, and be suitable for use on an arbitrary material. Particularly7

challenging are studies of brittle materials, where the in-plane deformations around the crack tip8

can be small (on the order of tens of nanometers) and the crack-tip speed is high (> 1 km s−1).9

Over the past fifty years, extensive research has resulted in the development of a series of10

increasingly powerful optical techniques for characterizing the stress intensity of propagating11

cracks in a variety of materials. Notable examples include measurements relying on the photoe-12

lastic effect [1], the method of caustics [2, 3, 4], the Stress Intensity Factor Tracer [5], coherent13

gradient sensing (CGS) [6, 7, 8, 9]), digital image correlation (DIC) [10, 11]), the grid method14

[12, 13], and, most recently, digital gradient sensing (DGS) [14, 15, 16]. Any of these techniques15

may be effective, depending on the material under examination, the specimen geometry, and16

the loading conditions, but as always they all have limitations [6, 14].17

Measuring the stress intensity during dynamic fracture of brittle materials (defined here18

as materials showing little or no plastic deformation under the loading conditions of interest)19

is especially challenging because the deformations around the crack tip are small, the time20

available for the measurement is limited by the high crack tip speeds (often in excess of 1 km s−1),21

and there is the potential for crack branching [17, 18]. One of the most powerful techniques is22

digital gradient sensing (DGS), which can provide accurate full-field measurements around a23

dynamically propagating crack tip in both transparent and opaque brittle materials [14].24

When performed in reflection from an opaque material (or transparent material with a25

reflective coating), DGS obtains the slope associated with out-of-plane deformation due to stress26

concentration around the crack tip. From these displacements, the stress intensity factor can be27

extracted using fracture mechanics theory and the instantaneous crack velocity [19]. DGS has a28

demonstrated advantage over DIC [20] (and other methods measuring in-plane deformation) for29

measurements on highly brittle materials, in that a long optical arm (several meters) amplifies30

the small out-of-plane deformation and therefore enables higher detection sensitivity. DGS has31

been applied to studying the dynamic fracture of a variety of materials including polymers [21],32

oxide glasses [22], and polymer-matrix composites [23, 24]. Typical DGS implementations33

[20, 22, 25, 26] operate with a field of view on the order of a few centimeters, with a spatial34

resolution of around a millimeter1. In principle, DGS can be extended to operate on small35

specimens with a better spatial resolution, provided that small-scale speckles can be deposited36

onto the target plate. This can enable gaining insights into near-tip (< 1 mm) crack dynamics37

regarding highly brittle materials.38

Here we propose a new approach (as an alternative to DGS) to measure surface profile39

gradients during dynamic fracture of brittle materials, based on Shack-Hartmann wavefront40

1Here the spatial resolution means the sampling distance between two neighboring data points. In the context
of DGS, this means the distance between the centroids of two adjacent subset images used for correlation. In
contrast, the measurement (or detection) sensitivity is related to the size of the subset image.
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Figure 1: (a) A 2D schematic along the x direction demonstrating the working principle of SHWFS. The
distorted wavefront goes through a collection of microlenses (with a uniform focal length f and a uniform pitch
D), each of which performs a lens-area-averaged estimation of the wavefront’s gradient, denoted as w̄x. (b) A
3D schematic demonstrating the working principle of SHWFS. The dynamic range (w̄x,max, w̄y,max) is set by D

2f

to avoid crosstalk between adjacent lenses, meaning the maximum shift ∆xmax = ∆ymax = D/2. The detection
sensitivity (w̄x,min and w̄y,min) is related to the pixel size d through a parameter β. Sub-pixel detection is
possible (β < 1), provided a robust centroid detection algorithm and good signal-to-noise ratio of an SHWFS
setup; see Section 2.2 for a more detailed discussion.

sensing (SHWFS) [27, 28]. Our technique retains the advantages of gradient-based methods,41

but it provides significantly improved spatial resolution (∼ 10 µm) for measuring near-tip crack42

dynamics (< 1 mm) without the need for surface speckling while making the experimental43

setup more compact (with a total optical arm of < 1 m). In addition, similar to DGS, the44

optical arrangement of SHWFS is also flexible. This combination of high spatial resolution,45

physical compactness, and flexible optical arrangement, makes SHWFS ideal for multi-modal46

studies, particularly in combination with x-ray phase contrast imaging (XPCI) performed at47

synchrotron facilities [29, 30, 31]. In this paper, we describe the SHWFS technique, apparatus,48

and data analysis; illustrate its application to the study of dynamic fracture of a commercial49

glass ceramic (including extraction of the apparent stress intensity factor); and discuss potential50

extensions and enhancements of the technique.51

2. Shack-Hartmann wavefront sensor (SHWFS)52

2.1. Working principle53

The Shack-Hartman wavefront sensor (SHWFS) was originally developed to measure dis-54

tortions in telescope images due to atmospheric turbulence and enabled the field of adaptive55

optics [28]. Here we use SHWFS in a manner similar to reflection-mode DGS to measure56

surface slopes and extract fracture parameters during dynamic fracture. The major difference57

from DGS is in how the surface slope is measured. In DGS, an image of a reference pattern58

is recorded in reflection off of the sample; when the sample is deformed, the pattern becomes59
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distorted relative to the original image, and from the distortion, the surface gradients are de-60

termined. In SHWFS, instead of imaging a reference pattern, a microlens array (MLA) is used61

to measure distortions of a planar wavefront reflected from the sample.62

A basic SHWFS consists of a micro-lens array and an image sensor, as shown in Fig. 1.
With the sensor positioned at the focal plane of the MLA and illuminated by a plane wave,
each micro-lens creates a focused spot on its respective optical axis. A distorted wavefront on
the other hand produces a focused spot displaced from the optical axis. The displacement of the
centroid of each spot is then proportional to the orientation of the wavefront averaged across
the aperture of the corresponding microlens. The microlenses thus map angular deformations
of the wavefront to centroid shifts at the focal plane as depicted in Fig. 1(a). Within the limit
of small deformation, we have:

w̄x ≈ tanw̄x = ∆x/f, (2.1)

where w̄x is the averaged gradient of the wavefront across a particular microlens, ∆x is the
displacement of the centroid on the detector plane, and f is the focal length of the microlens.
Fig. 1(b) extends Fig. 1(a) to a 3D schematic, where we can also compute similarly the gradient
in the transverse direction,

w̄y ≈ tanw̄y = ∆y/f. (2.2)

In essence, by sampling the wavefront with an MLA all of these shifts can be measured, and63

the whole wavefront can be reconstructed provided the scene is properly sampled both spatially64

and temporally [32], see section. 2.2 for a more detailed discussion.65

2.2. Application in the context of dynamic fracture66

We use one surface of a sample to generate a wavefront by reflecting off incoming collimated67

light rays. For this work, we consider only the Mode-I loading condition and use the single-68

notched three-point bend configuration for our experiment. As shown in Fig. 2(a), initially,69

when the sample is stress-free, the surface is perfectly flat, giving a planar wavefront shown as70

a set of equally spaced spots on the detector plane. Next, when the sample is loaded in-plane,71

due to Poisson’s effect and heterogeneous in-plane stress distribution, the sample surface will72

deform out-of-plane nonuniformly, leading to non-zero surface slope and shifts of those spots73

on the detector plane, as shown in Fig. 2(b). During a dynamic fracture event, a propagating74

crack at every time instant will cause a spatial variation of the surface slope (especially near75

the crack tip due to stress concentration), which we calculate by first measuring the shifts ∆x76

and ∆y and next feeding into Eqns. 2.1 and 2.2. For successful detection of ∆x and ∆y, the77

following requirements should be met:78

• Spatial sampling — The MLA pitch (the distance from the center of one lenslet to the79

other) should be smaller than the spatial correlation length of the distorted wavefront so80

that the wavefront can be safely assumed to be locally planar. Indeed, any function can81

be approximated locally linearly, provided it is sampled sufficiently densely. Although82

a smaller pitch length is preferred, we note that diffraction puts a lower bound on the83

pitch length for an MLA to function properly. Thus, we can think of the pitch length as84

similar to the correlation window size in DIC: a large window size reduces measurement85
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Crack

Figure 2: Application of SHWFS in the context of dynamic fracture using a single-notch three-point bending
configuration. The planar (reference) wavefront is generated by the sample’s smooth surface reflecting incoming
collimated light rays, shown in (a). In contrast, the distorted (deformed) wavefront is caused by the surface
deforming out-of-plane due to Poisson’s effect, as shown in (b). In (a), the polar coordinate associated with the
crack tip is also shown.

noise but is prone to averaging locally high deformation gradients, the opposite is true86

for a small window size. There is also a lower bound for the correlation window size with87

regard to accurate measurements, which is related to the average speckle feature size and88

contrast [33].89

• Temporal sampling — In dynamic fracture experiments the sample surface can deform90

significantly and rapidly. To measure surface distortions at a given time instant, the91

incident wavefront must be essentially constant, which requires that it be sampled at a92

rate faster than its correlation time. If the incident wavefront varies significantly over a93

single exposure time of the recording camera, the focused spot will move as a result, and94

the integrated image will be blurred. The same principle also applies to DIC analysis95

(and any other imaging techniques), where the in-plane deformation can be viewed as96

the incident wavefront, whose variation should not be significant within a single exposure97

time of the recording camera. Therefore, a high-speed camera is needed. For imaging98

dynamic fracture in glass and ceramics, a frame rate on the order of one million per99

second is sufficient [20, 22].100

• Spot size and shape — A tightly focused spot array on the detector plane is essential101

for accurate detection, and it ideally requires collimated illumination from a spatially102

confined source (fiber-coupled laser in our case), a smooth sample surface, and a large103

enough lenslet diameter. A collimated source is necessary to achieve a tightly focused104

spot array since the source plane is mapped onto the detector plane. A flat and smooth105

sample surface ensures that the in-coming planar wavefront from collimated light sources106

remains largely undistorted after reflection and can be detected on the camera sensor with107
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good contrast. However, perfect collimation, as well as perfect flatness and smoothness108

of the sample surface, is not a strict requirement since the spot positions are measured109

differentially (i.e., ∆x and ∆y, being referenced with respect to the positions before crack110

initiation). In practice, a mirror-like finish of the sample surface (with a roughness average111

Ra < 0.3 µm) achieved using parallel polishing is sufficient for our purpose. Lastly, a small112

lenslet will lead to a large (as opposed to tightly focused) spot shape in the Fourier plane113

due to diffraction, which is undesired.114

• Dynamic range — The MLA pitch (D) and focal length (f) limit the maximum surface tilt115

(w̄x and w̄y) that can be measured with the current analysis algorithm. It is possible that116

a spot may shift so far that it moves close to the original location of a neighboring spot,117

causing the spot to be misidentified. This limits the range of shifts (i.e., the minimum118

and maximum of ∆x and ∆y) that can be measured with a lower bound related to119

the pixel size (d) and an upper bound related to the MLA pitch (D). Mathematically,120

∆xmax = ∆ymax = D/2 (which prevents the focused spots of any two adjacent lenses121

from interfering with each other) and ∆xmin = ∆ymin ∼ O(βd), with β depending on122

the signal-to-noise ratio of the setup and the centroid detection algorithm. Note that123

computational methods could be used to extend this range. Indeed, the centroid of each124

focused spot may be located with a sub-pixel resolution (β < 1) using an appropriate125

detection algorithm if the focused spot is spatially sampled sufficiently densely by the126

camera pixels and with a sufficient signal-to-noise ratio (SNR) [34].127

3. Sample preparation and experimental setup128

3.1. Sample preparation129

We use Macor™, a commercially available glass ceramic, as an example material to test the130

utility of SHWFS because its mechanical properties (such as the fracture toughness KIC and131

Young’s modulus E) are well characterized and because it is highly machinable, making sample132

fabrication convenient. We purchased Macor™™ plates (Master-Carr 8489K231) with an initial133

thickness of 0.0625 in (1.58 mm). We used a diamond wire saw machine to cut each plate into134

rectangular bars 12 mm long (along the y direction), 3 mm wide (along the x direction), and135

1.58 mm thick (denoted as h in Fig. 2(a), along the z direction). We next used the same saw136

to create a 1 mm deep notch in each bar to produce the single-notched three-point bending137

configuration mentioned in the previous section. The wire used has a diameter of 250 µm,138

creating a notch width of 250 µm and a semicircular notch tip. We next polished one face (the139

x-y plane) of each bar to a mirror-like finish with diamond lapping films down to a 0.2 µm140

grade), using a parallel polishing machine (Allied High Tech Multiprep Polishing Machine).141

This forms the flat and smooth surface necessary for the SHWFS approach. After polishing,142

specimens are found to have a reduced thickness h = 1.5±0.2 mm. Note that it is not necessary143

to deposit a reflective coating, at least not for these specimens. For transparent materials such144

as glass, a reflective coating is desired.145

3.2. Experimental setup146

We use a custom-designed loading apparatus [31] to induce dynamic fracture under three-147

point bending. In this apparatus, an indenter is connected to a piezoelectric actuator (Cedrat148
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Technologies PPA40M), with the actuator being driven by a voltage signal that is generated by149

a function generator (Tektronix AFG3252) and then amplified by a high-speed voltage amplifier150

(PiezoDrive PD200). We place each sample over a loading plate with rolling support that sits151

above a vertical translation stage (OptoSigma TSD-653DMUU). We use the function generator152

to output a single linear voltage ramp from 0 V to 7 V over a time window of 256 µs, resulting153

in an indentation speed of approximately 0.13 m s−1. (Details of the speed measurement are154

provided in the appendix.) This apparatus is compact enough for operations in synchrotron155

facilities, and it has been used to characterize dynamic fracture of different brittle materials156

via XPCI [31, 35]. With this loading apparatus inducing crack propagation within a sample,157

we use a high-speed camera (Shimadzu HPV-X2 with a pixel size of 30 µm) to capture the158

distorted wavefront (subsequently w̄x and w̄y) evolution around the propagating crack tip.159

Figs. 3(a) and (b) show a schematic and a photograph of the optical setup. Illumination of160

the sample was provided by a pulsed laser beam (SI-LUX 640) with a fiber-coupled collimator161

(M92L01 and RC08FC-F01 from Thorlabs). The reflection from the sample was imaged with162

an infinity-corrected microscopy system (Mitutoyo 5× objective with a ThorLabs TTL200-163

A tube lens), a microlens array (ThorLabs MLA150-5C-M with D = 150 µm and f = 5.6164

mm), and a telescopic relay lens pair (ThorLabs MP105075-A) with 1.5× magnification. As165

with DGS, the arrangement of SHWFS optics relative to the specimen (θ in Fig. 3(a)) can166

be flexible, which offers free space for integrating with other image-based techniques. We167

also note the compactness of the experimental setup, which fits in considerably less space168

than typically required for DGS. This combination, namely flexible optical arrangement and169

physical compactness, makes SHWFS an ideal technique to work in synchrotron facilities for170

multi-modal fracture characterization.171

A typical spot pattern from an undeformed specimen is shown in Fig. 3(c), where the field172

of view is approximately 1.6 mm × 1 mm, with the spacing between spots about 45 µm and173

an effective pixel size d = 30/(5 × 1.5) = 4 µm. The spot spacing can be calculated using174

the pitch of the microlens array and the magnification ratio of the microscope and the relay:175

150 µm/5 × 1.5 = 45 µm. We note that, from Fig. 3(c), our setup does display a small degree176

of pincushion distortion, which can be alleviated by optimizing the lens design. Nevertheless,177

the shifts (i.e., ∆x and ∆y), which are measured differentially, are not sensitive to such optical178

aberration effects. This particular setup gives w̄x,max = w̄y,max ' 0.1 rad and w̄x,min = w̄y,min ∼179

3.5 × 10−4 rad, with the latter given by assuming a 2% of a pixel being detectable (β = 0.02)180

as in [22]. For our setup, sub-pixel shifts are indeed detectable (e.g., see Fig. 4(c)) as each181

focused spot is sampled by five to nine pixels (e.g., see Fig. 4(a)) and sub-pixel shifts can be182

calculated using an intensity-weighted centroid-finding algorithm [36]. Our current setup is183

therefore not as sensitive as a typical DGS setup which can go down to ' 2.5×10−6 [22]. Using184

a camera with a higher spatial resolution, a better sensitivity (i.e., ∼ O(10−5) rad) is likely185

achievable. However, achieving the sensitivity of DGS (∼ O(10−6) rad) is unlikely. This is due186

to the fundamental tradeoff between spatial resolution (for in-plane information) and detection187

sensitivity (for out-of-plane information): the former scales inversely with the latter, see Eqns.188

4.3 and 4.4. Nevertheless, within the near-tip region (< 1 mm) the deformation can vary with189

large gradients and excess O(10−3) rad [22], making attaining high spatial resolution a desired190

capability. Therefore, compared to DGS, our setup is particularly suitable for studying near-tip191

dynamics.192
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Figure 3: (a) Schematic of the SHWFS design. (b) Top-down photograph of the SHWFS setup. (c) Image formed
on the camera detector showing the planar wavefront generated from the polished surface of the undeformed
sample.

4. Calculation of shift and surface slope from SHWFS recording193

4.1. Shift and surface slope194

As a crack initiates and propagates through a sample, it will cause spots focused on the image
plane to shift laterally. We measure these shifts and later use them to extract the apparent
stress intensity factor (SIF). For a particular recording, we start from the initial reference image
and perform a spatial partition such that each focused spot belongs to one and only one cell, as
shown in Fig. 4(a). For images captured after crack initiation, we use this partition to calculate
the shift ∆x and ∆y of each spot by finding its centroid in the reference (denoting as [x0, y0])
and the deformed configuration at a particular time instance t (denoting as [xt, yt]):

[∆x,∆y]|t = [xt − x0, yt − y0]. (4.1)

The procedure for finding the centroid of each spot is illustrated in Fig. 4. For a given spot
we calculate the intensity-weighted average of all pixels that constitute that spot following Ref.
[36]. Taking one spot in the reference image as an example, its centroid is given by

x0 =

∑
i,j∈S Iij × i∑
i,j∈S Iij

, y0 =

∑
i,j∈S Iij × j∑
i,j∈S Iij

, (4.2)

where (i, j) denotes the location of a pixel, S denotes the cell captured by an individual lenslet,195

and Iij denotes the intensity of the pixel at location (i, j). We then apply Eqn. 4.2 to find196
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Spatial partition

Figure 4: (a) Spatial partitioning of light spots, each assigned to a unique square cell. (b) Examples of
calculating the centroid of one spot in the reference (top) and deformed (bottom) configurations. (c) An
example of calculating the shifts δx and δy by overlaying the two images from (b). Areas colored in either green
or purple are mismatches between the two images.

(xt, yt) for the same spot in each subsequent image (Fig. 4(b)). Lastly, we calculate ∆x and197

∆y using Eqn. 4.1, as shown in Fig. 4(c).198

The next step in the data reduction is converting the spot shifts (∆x and ∆y) to surface
slopes (w̄x and w̄y). Care must be taken in this process because the microscope provides trans-
verse magnification for increased spatial resolution, but this leads to angular de-magnification
which in turn reduces the sensitivity to out-of-plane deformations. In Fourier optics terms,
magnifying a 2D signal must necessarily reduce its spatial bandwidth. On the other hand, the
relay used after the MLA images the focal plane of the MLA and increases system sensitivity
to out-of-plane deformations. Putting these effects together,

sr
sm
w̄x =

d∆x

f
and

sr
sm
w̄y =

d∆y

f
, (4.3)

where sm and sr are the magnification factors of the microscope objective (sm = 5 here) and
the relay lens pair (sr = 1.5 here), d is the pixel size of the camera sensor (d = 30 µm), ∆x
(or ∆y) is the shift in pixels, and f is the focal length of the MLA (f = 5.6 mm here). In
contrast, if we want to calculate in-plane information such as the distance L between any two
pixels (i1, j1) and (i2, j2), we will have:

srsmL = d
√

(i1 − i2)2 + (j1 − j2)2. (4.4)

4.2. Extraction procedure for KI using slope data199

Once we have measured the shifts ∆x and ∆y of each spot and computed the corresponding
surface slope w̄x and w̄y using Eqn. 4.3, we can extract the apparent stress intensity factor KI
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by fitting the slope data to the asymptotic crack-tip stress field [37, 38] for a Mode-I crack
opening under plane stress condition:

−2E

νh
w̄x =

∂ (σ̂xx + σ̂yy)

∂x
= −1

2
r−

3
2 g(V )A1cos

(
3

2
θ

)
+
∞∑

N=2

AN

(
N

2
− 1

)
r(

N
2
−2)cos

[(
N

2
− 2

)
θ

]
,

−2E

νh
w̄y =

∂ (σ̂xx + σ̂yy)

∂y
= −1

2
r−

3
2 g(V )A1sin

(
3

2
θ

)
+
∞∑

N=2

AN

(
N

2
− 1

)
r(

N
2
−2)sin

[(
N

2
− 2

)
θ

]
,

(4.5)

where ν, E, h are the Poisson’s ratio, the Young’s modulus, and the thickness of the sample,
respectively; σ̂xx and σ̂yy are the thickness averages of stress components along the x and y
directions; (r, θ) denotes the position relative to the crack-tip in polar coordinates (see Fig.

2(a)), where r at each data point can be computed following Eqn. 4.4; A1 = KI

√
2
π

where KI

is the Mode-I stress intensity factor (SIF); V is the crack tip speed with g(V ) being a function
of the instantaneous crack tip speed to account for the velocity dependency of the K-field [38].
It takes the following expression:

g(V ) =
1 + ν

1− ν
(1− α2

L) (1 + α2
S)

4αLαS − (1 + α2
S)

2 , with α2
L = 1− V 2

C2
L

and α2
S = 1− V 2

C2
S

, (4.6)

where CL and CS are longitudinal and shear wave speeds in the material. For relatively slow200

cracks (V < 0.4CR where CR is the Rayleigh wave speed [39]), g(V ) ' 1 and the velocity201

dependence is negligible [38]. Because our experiments are conducted within this slow crack202

velocity regime (V ∼ 1× 102 m s−1 while CR > 1× 103 m s−1), we take g(V ) = 1. If a K-203

dominant field prevails around the crack tip, we may neglect higher-order terms in Eqn. 4.5 [7],204

arriving the following simplified expressions of Eqn. 4.5:205

−2E

νh
w̄x =

∂ (σ̂xx + σ̂yy)

∂x
' − KI√

2π
r−

3
2 cos

(
3

2
θ

)
,

−2E

νh
w̄y =

∂ (σ̂xx + σ̂yy)

∂y
' − KI√

2π
r−

3
2 sin

(
3

2
θ

)
.

(4.7)

With these expressions in hand, we can determine the stress intensity (KI) during crack206

propagation from the surface slope data using an iterative procedure. Our approach to data207

selection and fitting is similar to that presented in Ref. [22], and has three basic steps:208

• Identify the crack tip location P based on the spatial distribution of w̄x and w̄y. We use209

a parameter rc to assess the uncertainty associated with P, as shown in Figs. 5(a) and210

(b);211

• Choose a subset of the w̄x and w̄y data to use in determining KI. The choice is described212

by four parameters: rmin, rmax, θx, and θy. The points chosen for w̄y (Fig. 5(a)) correspond213

to rmin ≤ r ≤ rmax and either θy ≤ θ ≤ π − θy or π + θy ≤ θ ≤ 2π − θy. The points214

chosen for w̄x (Fig. 5(b)) are similar but with a different range of angles (specified by θx215

rather than θy). Note that the number of points chosen for w̄y and w̄x may be different216

in general.217
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• Fit the data from the selected points using Eqn. 4.5 to determine KI. To do so, we first
calculate the coefficients (denoted as b1 and b3) associated with the first two nonzero
terms in Eqn. 4.5 (i.e. those with A1 and A3) for each data point selected from the
previous step. b1 and b3 are determined from the geometrical location (r and θ) of each
selected point. Once we have these coefficients, we perform a least-squares minimization
to find the vector A = [A1, A3]T (subsequently extracting KI =

√
π/2A1), whose solution

is given by the pseudo inverse of B shown in Fig. 4.5(c):

A∗ = min
A

∥∥B(y)A−W(y)
∥∥ or A∗ = min

A

∥∥B(x)A−W(x)
∥∥ , (4.8)

where B(y) (or B(x)) is a matrix containing b1 and b3, and W(y) (or W(x)) is a vector
containing the surface slope data for the y direction (or the x direction), as shown in
Fig. 5(c). Alternatively, we can merge the two minimization problems into one: A∗ =
minA

∥∥[B(y); B(x)]A− [W(y); W(x)]
∥∥. Certainly, more higher-order terms from Eqn. 4.5

can be included in the fitting process [7]. Note that as long as the number of terms is
smaller than the number of data points, the minimization problem (Eqn. 4.8) remains
over-deterministic (i.e., the matrix B remains “tall”.). We further regularize Eqn. 4.8 as
the following:

A∗ = min
A

∥∥∥B̂(y)A− Ŵ(y)
∥∥∥ or A∗ = min

A

∥∥∥B̂(x)A− Ŵ(x)
∥∥∥ , (4.9)

where B̂(i, :) = ciB(i, :) and Ŵ(i) = ciW(i), for both (x) and (y), with ci = M

ri
∑k=M

k=1
1
rk

.218

Above, for either w̄x or w̄y, i denotes one data point and ri is its corresponding distance to219

the crack tip. Effectively, by using Eqn. 4.9 we weigh observations from different distances220

to the crack tip equally. This is because the number of data points at a given distance221

is proportional to r, so this procedure ensures that all distances are weighted equally in222

the fit; without, the fitting would over-emphasize points away from the crack tip. This223

fitting procedure using the out-of-plane information is similar to that which uses in-plane224

information (such as from DIC measurements) to extract KI for polymers [11].225

As we can see from Eqn. 4.5 the terms dominating the solution of Eqn. 4.8 are those from226

points close to the crack tip, which have large r−3/2 and r−1/2 as well as large w̄x and w̄y. This227

makes precise determination of the position of the crack tip (P) critical. On the other hand,228

we want to exclude data that are too close to the crack tip and near the crack path, because229

the SHWFS measurements become unreliable there due to the highly localized deformation230

and discontinuity. Thus, selecting an appropriate value of rmin balancing these considerations231

is also important. The other parameters (rmax, θx, and θy) are much less important than P and232

rmin.233

In practice, we have found that choosing rmin = 20 pixels (0.08 mm on the specimen), which234

excludes data from the closest two or three spots to the crack tip, works well with our setup.235

Other parameters chosen are rmax = 110 pixels (equivalent to 0.4 mm on the sample, which236

covers essentially the whole horizontal field of view), θy = π/6, and θx = π/4. Lastly, we locate237

P for each snapshot based on the symmetric spatial pattern of wy and wx shown in Fig. 6(a)238

and Fig. 7(a), in a way similar to Ref. [16]. We denote this location of P as the base position,239
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Figure 5: Selection of points for determining KI from surface slope data. The background of parts (a) and
(b) show contour plots of w̄y and w̄x, respectively (see 5.1 for a description of these data). The superimposed
circles represent positions from which the surface slope data were used to determine KI. The region of data
used is specified by four parameters: the position of the crack tip, P; inner and outer radii, rmin and rmax; and
the half-angle of an excluded region, θy and θx. The parameter rc reflects uncertainty in determining P, as
described in the text. (c) A flow chart showing steps for calculating the apparent stress intensity factor KI.

whose location is indicated by the star colored in white with a black border line in Figs. 5(a)240

and (b).241

Of course, there is uncertainty associated with both P and rmin, especially the former, and242

it is important to quantify how this affects the value KI determined from the measurements.243

We assess the uncertainty in P by sampling multiple positions of P in a circle of a radius of244

rc centered at the base position of P. Similarly, we apply a variation rd to the value of rmin.245

We calculate the value of KI over each of these ranges and report the average value. We used246

rc = rd = 5 pixels (0.02 mm) in this work, and find that this choice produces reasonable results.247

Finally, we do not analyze data from the initial ten images starting from crack initiation (i.e.,248

crack lengths less than 0.3 mm) due to the difficulty in identifying P for such short cracks.249

We note that this could be alleviated by using fatigue-precracked specimens, where the more250

pronounced stress concentration would aid in the determination of P.251

5. Results252

5.1. Measurement of surface slope w̄x and w̄y253

Fig. 6(a) shows the distribution of w̄y across the field of view at three instants during a254

representative dynamic fracture experiment from a notched three-point bend sample of Macor™.255

We use the crack initiation time as a reference (t = 0). For this experiment with images collected256

at 5 Mfps, the time between frames is 0.2 µs. As a comparison, we calculate the plane-stress257
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Figure 6: (a) Spatial distribution of surface slope w̄y determined from SHWFS measurements at three different
times after crack initiation (t = 0). (b) Spatial distribution of wy calculated from the near-tip stress field
(analytical solution) using a sample thickness h = 1.5 mm, given a crack tip at the center of the image. (c) A
schematic showing the dynamic phase-field simulation and three plots showing the computed distribution of w̄y

at times comparable to the experimental data in (a). The unit for all color bars is radians, and that for all axes
is millimeters.

analytical prediction of wy (Fig. 6(b)) using Eqn. 4.7 and the mechanical properties of Macor™
258

(E = 66.9 GPa, ν = 0.29, and KIC = 1.53 MPa m1/2) [40], as well as the sample thickness h259

= 1.5 mm. As an additional comparison we compute w̄y (Fig. 6(c)) from dynamic phase-field260

simulations [41, 42] of fracture using a custom code [43]. (Details of the phase-filed simulations261

are provided in the Appendix). This computation is achieved by plugging in the in-plane stresses262

σxx and σyy obtained from the simulation into Eqn. 4.7, in which the mechanical properties of263

Macor™ and a sample thickness h = 1.5 mm is used. We believe that the highly localized surface264

slope profile in the simulation results in the wake of the crack is an artifact of the phase-field265

algorithm, which smears the sharp crack over a certain region, in which the stress does not266

completely drop to zero.267

The analytical predictions and PF simulation results are consistent with each other in terms268

of the spatial distribution of w̄y. However, the agreement with the SHWFS measurements is not269

as good. Although the pattern of wy from SHWFS is broadly similar to that from the analytical270

and numerical calculations, there are quantitative differences. In particular, for longer crack271

lengths the measured gradients are more spread out than the calculated gradients. A similar272

observation can be made for w̄x by comparing Fig. 7(a) (SHWFS measurements) with Figs. 7(b)273

and (c) (analytical and numerical results). In addition, the sign reversal of w̄y in the wake of274

the crack, shown in calculations (Fig. 6(b)), is not captured well in the measurement.275
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Figure 7: Similar to Fig. 6 but for surface slopes wx. (a) Spatial distribution of w̄x determined from SHWFS
measurements. (b) Analytical solution for the spatial distribution of wx, calculated using a sample thickness
h = 1.5 mm. (c) A schematic showing the dynamic phase-field simulation and three plots showing the computed
distribution of w̄x. The unit for all color bars is radians, and that for all axes is millimeters.

For both w̄y and w̄x, the major difference between experiments and analytical (and numer-276

ical) calculations is the sample thickness: the former is 3D, while the latter is deduced from a277

2D plane stress condition which only applies when the sample thickness is small compared to278

the in-plane dimensions. (We rule out the possibility of significant plastic deformation around279

the crack tip being responsible for the disagreement because the material behaves in a brittle280

manner under these conditions.) In our experiments, the sample has a thickness h = 1.5 mm,281

which is on the same order of magnitude as the sample height (3 mm). This raises the question282

of whether a plane stress condition is a good approximation to the stress state, especially near283

the crack tip (or rather, the crack front). Indeed, previous studies [44, 7] have pointed out284

the importance of 3D effects, and in particular that the out-of-plane stress (σzz) may not be285

negligible near the crack tip. The significance of this is that, if 3D effects are important, a286

calculation of the stress intensity (KI) based on an assumption of a 2D stress state (as we do287

here) will be smaller than that from a true 2D stress state. Because KI is calculated from288

the surface slope data, we suspect that this kind of 3D effect is also responsible for differences289

between the measured surface slope and those calculated analytically and numerically from290

phase-field simulations. We consider this in detail in the next section.291

5.2. 3D effects around the crack tip for deviating surface slope profile from analytical predictions292

To check the potential relevance of 3D effects on altering the distribution of w̄y and w̄x,293

we performed full-scale 3D FEM calculations using Abaqus/Explicit. From these calculations,294
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we can directly get the out-of-plane displacement w and then calculate w̄y and w̄x. For our295

purpose, it suffices to consider only the linear elastic response of the sample without fracture.296

We construct two single-notched three-point bending models (see Appendix for details). The297

specimen in both models have the same height (3 mm) and length (12 mm) as the specimens298

used in the experiment, but one has a thickness of 0.15 mm (referred hereafter as the thin299

sample, where plane stress should be valid) and the other has a thickness of 1.5 mm (referred300

hereafter as the thick sample, same as in experiments). We create a sharp crack with a length301

of 1 mm for both samples. We impose a load of F to the thin sample and a load of 10F to the302

thick sample via a standard three-point flexural test setup. Scaling the load with the sample303

thickness keeps in-plane stress gradient nominally the same for the two models (see Appendix).304

This allows us to directly examine the role of 3D effects: if they are not prominent (i.e. plane305

stress being a good approximation), similar in-plane stress gradients should give rise to similar306

surface slopes. In other words, the spatial distribution of w̄y and w̄x should directly scale with307

the sample thickness provided the in-plane stress gradient remains unchanged and a plane-308

stress condition is satisfied, as suggested by Eqn. 4.5. Otherwise, 3D effects are nonnegligible.309

In practice, we tune F until the surface slope distribution of the thin sample shows a similar310

pattern to that obtained from the plane-stress analytical prediction. We then take the calibrated311

F to calculate the surface slope profile of the thick sample (using a load of 10F ).312

Fig. 8 shows analytical calculations as well as Abaqus simulation results. Again, a plane-313

stress condition implies that both w̄y and w̄x for the thick sample should simply be 10 times314

those of the thin sample, in a way similar to the comparison between Fig. 8(a) and Fig. 8(c)315

and the comparison between Fig. 8(e) and Fig. 8(g). However, this is not what we see from316

Abaqus simulations by comparing Fig. 8(b) to Fig. 8(d) and Fig. 8(f) to Fig. 8(h).317

In particular, the spatial distribution of both w̄y and w̄x from the thick sample is more318

spread out than that of the thin sample, with the former resembling more closely the SHWFS319

measurements and the latter resembling more closely the 2D plane-stress analytical results.320

Also, the sign reversal of w̄y in the wake of the crack, predicted by a plane-stress analytical321

solution (as shown in Figs. 8(a) and (c)), is much less pronounced when the sample is thick322

(by comparing Fig. 8(d) to Fig. 8(b)). This could explain why in our experiments the sign323

reversal of w̄y was not well captured. Due to such nonnegligible 3D effects, the surface slope324

distribution of the thick sample takes a considerable contribution arising from the out-of-plane325

stress σzz (see Appendix for an explicit calculation of σzz from the 3D FEM models).326

5.3. Extraction of KI327

Although 3D effects are important for this particular specimen geometry, we can extract328

an approximate stress intensity factor (KI) on the basis of the 2D approximation in Eqn. 4.5.329

Figure 9(a) shows how KI varies as a function of the apparent crack length. To determine KI330

we use the first two terms in Eqn. 4.5 in fitting to the data following Eqn. 4.9. Additional terms331

can be included but we find that they have little effect on the value of KI (see Appendix for a332

plot). Note that the average crack speed is about 150 m/s (< 0.1CR), which is in the “slow”333

crack regime.334

We observe that KI fluctuates around a mean value of 0.8 MPa m1/2 as the apparent crack335

length extends from 0.3 mm to 1.2 mm. This value is somewhat lower than the static fracture336

toughness of Macor™, KIC = 1.53 MPa m1/2 [40]. Other researchers have observed apparent337
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Figure 8: Left column: spatial distribution of w̄y calculated from the 2D analytical solution (Eqn. 4.5 using
KIC = 1.53 MPa m1/2) and the 3D FEM simulation for the thin sample (a) and (b), and for the thick sample
(c) and (d). Right column: spatial distribution of w̄x calculated from the 2D analytical solution (Eqn. 4.5 using
KIC = 1.53 MPa m1/2) and the 3D FEM simulation for the thin sample (e) and (f), and for the thick sample (g
) and (h).

dynamic fracture toughnesses that are lower than the corresponding static fracture toughness338

(or critical stress intensity factor) in a variety of materials (such as Homalite-100 [17, 45] and339

soda-lime glass [22, 16]).340

The exact causes for the difference in static and dynamic fracture toughnesses are not well341

understood, but these include thickness-dependent 3D effects around the crack tip [44, 7] and342

the lack of K-dominance during dynamic fracture [3].343

6. Summary and outlook344

In this work, we demonstrate a new approach for estimating the apparent stress intensity345

factor (KI) during dynamic fracture of brittle solids by measuring the surface slope profile using346

a Shack-Hartmann wavefront sensor (SHWFS). We have successfully measured the surface slope347

(w̄y and w̄x) evolution during the fracture of millimeter-scale Macor™ samples with a spatial348

resolution of 45 µm and a temporal resolution of 0.2 µs. We observe that the distributions of w̄y349

and w̄x measured from SHWFS differ from those predicted by plane stress analytical solutions350

and phase-field simulations. Using full-scale 3D FEM analysis of the sample geometries we have351

shown that the differences can be explained by the existence of 3D effects. We observe that the352

effective fracture toughness computed from the SHWFS measurements, assuming a 2D state,353

is less than the static fracture toughness KIC.354
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Figure 9: Evolution of the apparent stress intensity factor KI as a function of the apparent crack length, using
both the w̄y data (blue circles) and the w̄x data (red circles). The error bar associated with each data point
indicates the scatter coming from varying P and rmin. The black solid line indicates the static fracture toughness
KIC = 1.53 MPa m1/2, while the black dashed line indicates the average apparent stress intensity factor with a
value of 0.8 MPa m1/2.

Although we have only demonstrated applying SHWFS in the “slow” crack regime, there is355

no practical barrier to applying it in the “fast” crack regime (crack speed > 1 km/s). This is356

because we directly image the specular reflection of a laser beam off the surface of the specimen,357

resulting in excellent signal-to-noise ratio. The major practical limitations are associated with358

the framing rate of the camera, and the field of view possible with the given optics.359

Compared to a typical DGS apparatus, the SHWFS apparatus has improved spatial res-360

olution while requiring less physical space to implement. As such, SHWFS can be especially361

useful for small-scale fracture experiments and is ideal for multi-modal studies, particularly362

in combination with x-ray phase contrast imaging (XPCI) performed at synchrotron facilities.363

One potential application in this regard is studying the dynamic fracture of materials under364

high-rate loadings using miniaturized desktop Kolsky bar setups [46] at synchrotron facilities365

[31]. In addition, unlike DIC, SHWFS does not require the preparation of speckle patterns on366

specimens (which is particularly challenging for small-scale experiments), and it can be used367

on any material so long as the surface can be polished to a mirror-like finish. The setup of368

SHWFS can also be modified to study transparent materials without the need for coating a369

specimen’s sample to be reflective, in a way similar to transmission-mode DGS [14]. As such,370

the flexibility of SHWFS with regard to sample preparation also makes it adaptable to studying371

a broad range of brittle materials. We discuss two directions for improvement:372

• Increasing the resolution of the measurement. There are two aspects in this direction:373

increasing the smallest detectable deformation (i.e., sensitivity) and increasing the spatial374

resolution of detection. The smallest detectable deformation is related to the shift of the375

reflected spots on the camera sensor. Given a fixed field of view determined by the376

microscope objective, the shift is tied to the focal length (denoted as f) of the multi-lens377

array (MLA), with a larger focal length producing a larger shift (Eqn. 2.1 and 2.2). The378
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spatial resolution is tied to the pitch of the MLA (denoted as D, essentially how large379

each microlens is). Since each microlens performs an average measurement of surface380

slope across its area, we will want an MLA with a small pitch (i.e., a smaller microlens)381

to increase the spatial resolution. However, diffraction effects limit the smallest pitch382

and the largest focal length of an MLA. Therefore, a tradeoff exists between a small D383

and a large f . Specifically, the Fresnel number D2

fλ
must be larger than unity where λ is384

the wavelength. Our current setup (D = 150 µm, λ = 640 nm, and L = 5.6 mm) leads385

to a Fresnel number of about 6.2. Choosing a different MLA for our setup may lead386

to a better detection sensitivity with minimal sacrifice to the spatial resolution or vice387

versa. Nevertheless, it is important to note that the choice of MLA is application-specific:388

depending on the specific experiment details (such as material type and size), a different389

MLA may be needed for the desired detection sensitivity and spatial resolution. Lastly,390

note that we also have the option of enlarging the field of view (by using a microscope391

objective with a smaller magnification, see Eqn. 4.3), but this can require a larger sample392

and lead to a change of the loading apparatus.393

• Increasing the accuracy of the crack tip position determination. We have shown that an394

accurate estimation of KI depends heavily on accurately identifying the crack tip loca-395

tion (as also highlighted in [47, 48]). This is quite challenging to do at the millimeter396

scale based solely on the distribution pattern of the surface slope, especially given the397

presence of noise in experimental measurements. In this regard, one possibility is exploit-398

ing the distribution property of the out-of-plane asymptotic field, in a way that extends399

the novel approach proposed by [48] which takes advantage of the separability of the400

in-plane asymptotic field (e.g., the in-plane displacement field measured by DIC). An-401

other possibility is integrating SHWFS and x-ray phase contrast imaging (XPCI), with402

the latter providing more accurate time-resolved identification of the crack tip location.403

In XPCI, phase perturbation introduced by the sample is exploited to modulate the in-404

tensity recorded at the image detector plane [49]. Since the surface of a crack induces a405

steep phase gradient, a phase-contrast image can have a significantly enhanced contrast406

compared to conventional radiography. XPCI has already been used to characterize the407

crack dynamics within different brittle materials from ceramics [31] to glass [30, 35] taking408

advantage of spatially-coherent high-energy X-rays provided by synchrotron facilities.409
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Appendix A. Measuring the indentation speed431

We recourse to image analysis to measure the indentation speed of the piezo actuator (which432

drives the indenter), following the same procedure the lead author has used to measure the433

angle of repose of granular materials [50]. We record the motion of the bottom edge of the434

piezo actuator using a high-speed camera, shown in Fig. A.10(a), and we compute the position435

variation, shown in Fig. A.10(b) as a function of time by binarizing each image and finding436

the boundary of the actuator in each image. From the position data, we can calculate the437

instantaneous velocity, shown in Fig. A.10(c), using a finite-difference scheme. We see that438

the velocity is fairly constant. We calculate the average velocity of the actuator following the439

above procedure, both with and without indenting a sample. Fig. A.10(d) shows the result. In440

short, the indentation velocity stays largely unchanged, equaling around 0.13 m/s regardless of441

whether indenting a sample or not.442

Appendix B. Variational phase-field approach to fracture443

The variational phase-field method to fracture [51] uses a scalar field φ ∈ [0, 1] to describe
the spatial distribution of damage (φ = 0 being intact and φ = 1 being completely damaged)
of a simulation domain through a length scale parameter `. Consequently, a crack (a sharp
interface) is smeared through a smooth variation of φ over `. The parameter ` represents active
mechanisms in the process zone, determining the threshold for crack nucleation [51]. Essentially,
to model a dynamic fracture problem, we want to minimize the following incremental Lagrange
energy functional I` by the principle of least action [42]:

I`(u, u̇, φ) =

∫ t2

t1

{∫

Ω

[ρ
2
|u̇|2 −We(u, φ)−GCγ`(φ,∇φ) + ρb · u

]
dΩ +

∫

∂Ω

t · udS

}
dt, (B.1)

under the constraint φ̇ > 0 to account for the irreversibility of a fracture process. Above, u is
the displacement field, with u̇ = ∂u

∂t
the velocity field, ρ the material density, φ the phase field

parameter indicating the degree of material damage, We the elastic strain energy density, GC

the critical energy release rate (or fracture toughness) [52], γ` the (regularized) fracture energy
density, b the gravitational constant, and t the surface traction. We follow [41] for modeling
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Figure A.10: (a)A schematic showing the steps of calculating the indentation speed. (b) The position evolution
of the actuator’s bottom edge as a function of time without indenting a sample. (c) The corresponding speed
evolution of the actuator’s bottom edge as a function of time. (d) The time-averaged indentation speed without
and with indenting a sample (which is repeated three times).

brittle solids, decomposing the elastic strain energy shown in Eqn. B.1 to a tensile part (“+”)
and a compressive part (“− ”), with the phase-field acting only on the former:

We(εij, φ) = [(1− k)(1− φ)2 + k]We,+(εij) +We,−(εij), (B.2)

where εd is the d-th eigenvalue of ε, nd is the corresponding eigenvector, 〈x〉+ stands for (x +
|x|)/2, and 〈x〉− stands for (x − |x|)/2 with |x| being the absolute value of x. We can then
express We,+(εij) and We,−(εij) as the following:

We,+(εij) =
1

2
λ〈εkk〉2+ + µε+kjε

+
jlδkl, (B.3)

We,−(εij) =
1

2
λ〈εkk〉2− + µε−kjε

−
jlδkl, (B.4)

where λ and µ are the Lamé constants that can be determined from the Young’s modulus E
and the Poisson’s ratio ν. The (regularized) fracture energy density γ` takes the following form:

γ` =
1

4cw`

(
w(φ) + `2|∇φ|2

)
,with cw =

1

2
which implies w(φ) = φ2. (B.5)
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Applying the principle of least action to Eqn. B.1 with We and γ` expressed by Eqns. B.2,
B.3, B.3, and B.5, we arrive at the following two governing equations:

σij,j + bi = ρüi, (B.6)[
1 +

4cw`(1− k)

GC

We,+

]
φ− `2φ,ii =

4cw`(1− k)

GC

We,+, (B.7)

where σij = ∂We/∂εij. We enforce the irreversible growth condition φ̇ > 0 using a strain-history
field [41] over the simulation domain:

H(x, t) = max
s∈[0,t]

We,+ (ε(x, s)) ∀x ∈ Ω. (B.8)

Replacing We,+ with H(x, t) in Eqn. B.7 we then want to solve:

σij,j + bi = ρüi, (B.9)[
1 +

4cw`(1− k)

GC

H
]
φ− `2φ,ii =

4cw`(1− k)

GC

H, (B.10)

together with the following Neumann boundary conditions (plus any existing Dirichlet boundary
conditions) :

σijnj = ti on ∂Ω, (B.11)

φ,ini = 0 on ∂Ω. (B.12)

We solve Eqns. B.9 and B.10 weakly follow a standard finite element discretization and calcula-444

tion procedure, using the alternating minimization (or staggered) scheme that runs parallel on445

high-performance computer clusters. We use the mechanical properties E = 66.9 GPa, KIC =446

1.53 MPa m1/2, and ν = 0.29 in our PF simulations. The notched beam in the simulation shares447

the same geometry as the experiment specimen, having a notch of 250 µm in width and 1 mm in448

length. Since ` affects crack nucleation, it will affect values of wx and wy. Essentially, a smaller449

value of ` suggests more delayed crack nucleation, leading to larger values of wx and wy because450

of a larger stress build-up before crack nucleation. We find ` = 0.035 mm to be a reasonable451

choice, and the corresponding results are presented in the main text. We pick an element size452

of δh = 0.015 mm near the crack propagation region, which is small enough (δh ≤ `/2 [41]) to453

resolve the crack geometry. However, we emphasize that ` does not change the spatial pattern454

of wx and wy, which is a direct consequence of the balance of linear momentum. Figs. B.11(c)455

and B.12(c) shows results obtained from ` = 0.15 mm. Compared to Figs. 6(c) and 7(c), the456

spatial pattern of w̄x and w̄y stays the same, but the magnitude is smaller.457
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Figure B.11: A similar figure to Fig. 6 but with plots shown in (c) obtained from ` = 0.15 mm.
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<latexit sha1_base64="tmEvmksfb9cWDAa5xB1ckWUhUbQ=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68ZiAeUCyhNlJbzJmdnaZmRXCki/w4kERr36SN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6m/qtJ1Sax/LBjBP0IzqQPOSMGivVx71S2a24M5Bl4uWkDDlqvdJXtx+zNEJpmKBadzw3MX5GleFM4KTYTTUmlI3oADuWShqh9rPZoRNyapU+CWNlSxoyU39PZDTSehwFtjOiZqgXvan4n9dJTXjjZ1wmqUHJ5ovCVBATk+nXpM8VMiPGllCmuL2VsCFVlBmbTdGG4C2+vEya5xXvqnJZvyhXb/M4CnAMJ3AGHlxDFe6hBg1ggPAMr/DmPDovzrvzMW9dcfKZI/gD5/MH6v2NBw==</latexit>y <latexit sha1_base64="24XFAbr+qP6mCoAZK4rIS41CLTA="></latexit>z

<latexit sha1_base64="vxz+VpYIP+SlCmZa59qXoOY43D4=">AAACIHicbVDLSsNAFJ3UV42vqEs3g6Xiqk1ErRuhqAuXFewDmhIm00k7dPJgZmIbQj/Fjb/ixoUiutOvcfpAauuBC4dz7uXee9yIUSFN80vLLC2vrK5l1/WNza3tHWN3rybCmGNSxSELecNFgjAakKqkkpFGxAnyXUbqbu965NcfCBc0DO5lEpGWjzoB9ShGUkmOUcrbLuJpf+gM4NEltG8IkwgOip5t679WMmMlRU/vO4lj5MyCOQZcJNaU5MAUFcf4tNshjn0SSMyQEE3LjGQrRVxSzMhQt2NBIoR7qEOaigbIJ6KVjh8cwrxS2tALuapAwrE6O5EiX4jEd1Wnj2RXzHsj8T+vGUvvopXSIIolCfBkkRczKEM4Sgu2KSdYskQRhDlVt0LcRRxhqTLVVQjW/MuLpHZSsM4LZ3enufLVNI4sOACH4BhYoATK4BZUQBVg8AiewSt40560F+1d+5i0ZrTpzD74A+37ByBzoRw=</latexit> w
y

<latexit sha1_base64="yxIJB0o71wqgJGubR39754bN4O0="></latexit>

t = 2.2 µs
<latexit sha1_base64="cZ8iwtpH0SiWuqqZsvms8/WzFdU="></latexit>

t = 4.2 µs
<latexit sha1_base64="5nYl34EVe/FFmEDkd2laIjwvPHo="></latexit>

t = 6.2 µs

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit> w̄
y

<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)

<latexit sha1_base64="8Iz3CiRneC/i1H6xFULFS+8Jy4s="></latexit>

t = 2.25 µs
<latexit sha1_base64="bG9vgTu7cQeZUxLQmT1zXo9NCls="></latexit>

t = 4.20 µs
<latexit sha1_base64="yh8uJMarNOPQykeZLl/FLo79gK0="></latexit>

t = 6.30 µs

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit> w̄
y

<latexit sha1_base64="UtvBssK4y044yULbytU10aVXpWo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIGNqRbutDQdjdtVyUbfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+64EqzWJ5Z8YJDQQeSBYxgo2V7rshVtnjpPfUK1fcqjsDWiZeTiqQo9Erf3X7MUkFlYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUslFlQH2ezgCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREl0HGZJIaKsl8UZRyZGI0/R71maLE8LElmChmb0VkiBUmxmZUsiF4iy8vk+ZZ1atVa7fnlfpVHkcRjuAYTsGDC6jDDTTABwICnuEV3hzlvDjvzse8teDkM4fwB87nDzxAkLY=</latexit> w̄
x

<latexit sha1_base64="UtvBssK4y044yULbytU10aVXpWo=">AAAB8HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewagx6JXjxi4gIGNqRbutDQdjdtVyUbfoUXDxrj1Z/jzX9jgT0o+JJJXt6bycy8MOFMG9f9dgorq2vrG8XN0tb2zu5eef+gqeNUEeqTmMeqHWJNOZPUN8xw2k4UxSLktBWOrqd+64EqzWJ5Z8YJDQQeSBYxgo2V7rshVtnjpPfUK1fcqjsDWiZeTiqQo9Erf3X7MUkFlYZwrHXHcxMTZFgZRjidlLqppgkmIzygHUslFlQH2ezgCTqxSh9FsbIlDZqpvycyLLQei9B2CmyGetGbiv95ndREl0HGZJIaKsl8UZRyZGI0/R71maLE8LElmChmb0VkiBUmxmZUsiF4iy8vk+ZZ1atVa7fnlfpVHkcRjuAYTsGDC6jDDTTABwICnuEV3hzlvDjvzse8teDkM4fwB87nDzxAkLY=</latexit> w̄
x

<latexit sha1_base64="45a7/DZ4C8rrXJykkoMOP2rxYo0="></latexit>y

<latexit sha1_base64="7V8rd6NhfO4WnSYTvhioxS5QnEE="></latexit>x

<latexit sha1_base64="ASPfeLr37La68Eg1nIuCnRBhVys="></latexit> w
x

Figure B.12: A similar figure to Fig. 7 but with plots shown in (c) obtained from ` = 0.15 mm.
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Appendix C. Results of KI using more terms458

Fig. C.13 shows the result of KI by including up to nine terms from Eqn. 4.5 in the fitting459

process. Indeed, the result is not sensitive to the number of terms considered.

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="UyvTT2ayXEE75ZDgwKY8uAIt0z4="></latexit>

KIC = 1.53

data1
data2
data3

<latexit sha1_base64="Yro1clB/6oGw2H+8WQLL8axfVAw="></latexit>

From w̄y data
<latexit sha1_base64="dCowIbkIlhaFWcauCUWUIWeHZow="></latexit>

From w̄x data

<latexit sha1_base64="whaX59R/jfX/lAZraM0SyhVO1rc="></latexit>

(c)
<latexit sha1_base64="q27ra9fne9eLnm3PSzKToj7qTVg="></latexit>

(b)
<latexit sha1_base64="OdoriutUIIE02cmCBKHtnrWFDTY="></latexit>

(a)

<latexit sha1_base64="IdqvA18a+MzYtinCh38f/RykF44="></latexit>

1.0

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="v3TUpprA5SgzGZHt8l+rlUKCt0o=">AAACJnicbVDLSgMxFM3UVx1fVZdugqXiqp0RX5tCURcuK9gHdIYhk2ba0MyDJKMdhn6NG3/FjYuKiDs/xfRBqa0HAodz7uHmHjdiVEjD+NYyK6tr6xvZTX1re2d3L7d/UBdhzDGp4ZCFvOkiQRgNSE1SyUgz4gT5LiMNt3c78htPhAsaBo8yiYjto05APYqRVJKTKxcsF/H0eeD04UkZWneESQT7Jc+y9JmVzFlJydNnESeXN4rGGHCZmFOSB1NUndzQaoc49kkgMUNCtEwjknaKuKSYkYFuxYJECPdQh7QUDZBPhJ2OzxzAglLa0Au5eoGEY3U+kSJfiMR31aSPZFcseiPxP68VS+/aTmkQxZIEeLLIixmUIRx1BtuUEyxZogjCnKq/QtxFHGGpmtVVCebiycukflY0L4sXD+f5ys20jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7moxmtGnmEPyB9vMLSq2j4A==</latexit>

w̄x

<latexit sha1_base64="AxgWztBd5x8OKdYYEWwwc3L95Is="></latexit>

Crack tip trajectory

<latexit sha1_base64="jNZTzK3nvxUD6+W6evh7BFhS6fY=">AAACJnicbVDLSsNAFJ3UV42vqks3g6Xiqk3E16ZQ1IXLCvYBTQiT6aQdOnkwM9GG0K9x46+4cVERceenOH1QauuBC4dz7uXee9yIUSEN41vLrKyurW9kN/Wt7Z3dvdz+QV2EMcekhkMW8qaLBGE0IDVJJSPNiBPku4w03N7tyG88ES5oGDzKJCK2jzoB9ShGUklOrlywXMTT54HThydlaN0RJhHslzzL0mdWMmclJU+f6U4ubxSNMeAyMackD6aoOrmh1Q5x7JNAYoaEaJlGJO0UcUkxIwPdigWJEO6hDmkpGiCfCDsdvzmABaW0oRdyVYGEY3V+IkW+EInvqk4fya5Y9Ebif14rlt61ndIgiiUJ8GSRFzMoQzjKDLYpJ1iyRBGEOVW3QtxFHGGpktVVCObiy8ukflY0L4sXD+f5ys00jiw4AsfgFJjgClTAPaiCGsDgBbyBIfjQXrV37VP7mrRmtOnMIfgD7ecXTDGj4Q==</latexit>

w̄y

<latexit sha1_base64="69U2wc6vLc1tfwBHDZPrGCUFuuo=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7ArEj0GBfEYwTwgWcLspJMMmX0w06uGNZ/ixYMiXv0Sb/6Nk2QPmljQUFR1z3SXH0uh0XG+rdzK6tr6Rn6zsLW9s7tnF/cbOkoUhzqPZKRaPtMgRQh1FCihFStggS+h6Y+upn7zHpQWUXiH4xi8gA1C0RecoZG6drGD8IjptXmPIqhAT7p2ySk7M9Bl4makRDLUuvZXpxfxJIAQuWRat10nRi9lCgWXMCl0Eg0x4yM2gLahIQtAe+ls9Qk9NkqP9iNlKkQ6U39PpCzQehz4pjNgONSL3lT8z2sn2L/wUhHGCULI5x/1E0kxotMcaE8o4CjHhjCuhNmV8iFTjJsUdMGE4C6evEwap2W3Uq7cnpWql1kceXJIjsgJcck5qZIbUiN1wskDeSav5M16sl6sd+tj3pqzspkD8gfW5w/PWJRg</latexit>

Four terms
<latexit sha1_base64="uP13Yd0bbEBmAIJpztnAwVGx0lU=">AAAB+nicbVDLSgNBEJz1GeNro0cvg0HwFHZFosegIB4jmAckS5iddJIhsw9meqNhzad48aCIV7/Em3/jJNmDJhY0FFXddHf5sRQaHefbWlldW9/YzG3lt3d29/btwkFdR4niUOORjFTTZxqkCKGGAiU0YwUs8CU0/OH11G+MQGkRhfc4jsELWD8UPcEZGqljF9oIj5jeiBFQBBXoSccuOiVnBrpM3IwUSYZqx/5qdyOeBBAil0zrluvE6KVMoeASJvl2oiFmfMj60DI0ZAFoL52dPqEnRunSXqRMhUhn6u+JlAVajwPfdAYMB3rRm4r/ea0Ee5deKsI4QQj5fFEvkRQjOs2BdoUCjnJsCONKmFspHzDFuElB500I7uLLy6R+VnLLpfLdebFylcWRI0fkmJwSl1yQCrklVVIjnDyQZ/JK3qwn68V6tz7mrStWNnNI/sD6/AGzh5RO</latexit>

Five terms

<latexit sha1_base64="nbKwIvsGyxvI+nqXMMFcg8mkWWI=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4Crsi0WPQi8eI5gHJEmYnvcmQ2QczvSFhyZ948aCIV//Em3/jJNmDJhY0FFXddHf5iRQaHefbWlvf2NzaLuwUd/f2Dw7to+OGjlPFoc5jGauWzzRIEUEdBUpoJQpY6Eto+sO7md8cgdIijp5wkoAXsn4kAsEZGqlr2x2EMWaPYkwRVKinXbvklJ056Cpxc1IiOWpd+6vTi3kaQoRcMq3brpOglzGFgkuYFjuphoTxIetD29CIhaC9bH75lJ4bpUeDWJmKkM7V3xMZC7WehL7pDBkO9LI3E//z2ikGN14moiRFiPhiUZBKijGdxUB7QgFHOTGEcSXMrZQPmGLcpKCLJgR3+eVV0rgsu5Vy5eGqVL3N4yiQU3JGLohLrkmV3JMaqRNORuSZvJI3K7NerHfrY9G6ZuUzJ+QPrM8fBg2T7g==</latexit>

Six terms
<latexit sha1_base64="YLKJQ8pmJBeNYp4rQIvpBBTW7dg=">AAAB+3icbVDLSgNBEJyNrxhfazx6GQyCp7ArEj0GvXiMaB6QhDA76SRDZmeXmd6QsORXvHhQxKs/4s2/cfI4aGJBQ1HVTXdXEEth0PO+nczG5tb2TnY3t7d/cHjkHudrJko0hyqPZKQbATMghYIqCpTQiDWwMJBQD4Z3M78+Am1EpJ5wEkM7ZH0leoIztFLHzbcQxpg+wggURdChmXbcglf05qDrxF+SAlmi0nG/Wt2IJyEo5JIZ0/S9GNsp0yi4hGmulRiIGR+yPjQtVSwE007nt0/puVW6tBdpWwrpXP09kbLQmEkY2M6Q4cCsejPxP6+ZYO+mnQoVJwiKLxb1EkkxorMgaFdo4CgnljCuhb2V8gHTjNsUTM6G4K++vE5ql0W/VCw9XBXKt8s4suSUnJEL4pNrUib3pEKqhJMxeSav5M2ZOi/Ou/OxaM04y5kT8gfO5w+UpJTP</latexit>

Seven terms
<latexit sha1_base64="VWxSHYPWuO8vO76Twimog2ewaPQ=">AAAB+3icbVDLSgNBEJz1GeNrjUcvg0HwFHZFosegCB4jmAckS5id9CZDZh/M9ErCkl/x4kERr/6IN//GSbIHTSxoKKq66e7yEyk0Os63tba+sbm1Xdgp7u7tHxzaR6WmjlPFocFjGau2zzRIEUEDBUpoJwpY6Eto+aPbmd96AqVFHD3iJAEvZINIBIIzNFLPLnURxpjdicEQKYIK9bRnl52KMwddJW5OyiRHvWd/dfsxT0OIkEumdcd1EvQyplBwCdNiN9WQMD5iA+gYGrEQtJfNb5/SM6P0aRArUxHSufp7ImOh1pPQN50hw6Fe9mbif14nxeDay0SUpAgRXywKUkkxprMgaF8o4CgnhjCuhLmV8iFTjJsUdNGE4C6/vEqaFxW3Wqk+XJZrN3kcBXJCTsk5cckVqZF7UicNwsmYPJNX8mZNrRfr3fpYtK5Z+cwx+QPr8wd7rZS/</latexit>

Eight terms
<latexit sha1_base64="g5T06S1Uj32LGNUIaqHtewf0dQ4=">AAAB+nicbVDLSgNBEJyNrxhfGz16GQyCp7ArEj0GvXiSCOYByRJmJ51kyOyDmV41rPkULx4U8eqXePNvnCR70MSCgaKqi+4pP5ZCo+N8W7mV1bX1jfxmYWt7Z3fPLu43dJQoDnUeyUi1fKZBihDqKFBCK1bAAl9C0x9dTf3mPSgtovAOxzF4ARuEoi84QyN17WIH4RHTGxOnCCrQk65dcsrODHSZuBkpkQy1rv3V6UU8CSBELpnWbdeJ0UuZQsElTAqdREPM+IgNoG1oyALQXjo7fUKPjdKj/UiZFyKdqb8TKQu0Hge+mQwYDvWiNxX/89oJ9i+8VIRxghDy+aJ+IilGdNoD7QkFHOXYEMaVMLdSPmSKcdOCLpgS3MUvL5PGadmtlCu3Z6XqZVZHnhySI3JCXHJOquSa1EidcPJAnskrebOerBfr3fqYj+asLHNA/sD6/AGzl5RO</latexit>

Nine terms

<latexit sha1_base64="WMDTir36wt8S+8vCoPK5Lwe9tu0=">AAAB+3icbVDLTgJBEJzFF+JrxaOXicTEE9k1Bj0SvXjEBJAENmR26IUJs4/M9BrIhl/x4kFjvPoj3vwbB9iDgpV0UqnqTneXn0ih0XG+rcLG5tb2TnG3tLd/cHhkH5fbOk4VhxaPZaw6PtMgRQQtFCihkyhgoS/h0R/fzf3HJ1BaxFETpwl4IRtGIhCcoZH6drmHMMGsOVIAFEGFeta3K07VWYCuEzcnFZKj0be/eoOYpyFEyCXTuus6CXoZUyi4hFmpl2pIGB+zIXQNjVgI2ssWt8/ouVEGNIiVqQjpQv09kbFQ62nom86Q4UivenPxP6+bYnDjZSJKUoSILxcFqaQY03kQdCAUcJRTQxhXwtxK+Ygpxk0KumRCcFdfXifty6pbq9Yerir12zyOIjklZ+SCuOSa1Mk9aZAW4WRCnskrebNm1ov1bn0sWwtWPnNC/sD6/AGGxpTG</latexit>

Three terms
<latexit sha1_base64="Qip0s/s72QvAlhgwH3XOhugif1w=">AAAB+XicbVBNS8NAEN34WetX1KOXYBE8lUSkeix68VihX9CGstlO2qWbTdidVEvoP/HiQRGv/hNv/hu3bQ7a+mDg8d4MM/OCRHCNrvttra1vbG5tF3aKu3v7B4f20XFTx6li0GCxiFU7oBoEl9BAjgLaiQIaBQJawehu5rfGoDSPZR0nCfgRHUgeckbRSD3b7iI8YVZ/jB0EFelpzy65ZXcOZ5V4OSmRHLWe/dXtxyyNQCITVOuO5yboZ1QhZwKmxW6qIaFsRAfQMVTSCLSfzS+fOudG6TthrExJdObq74mMRlpPosB0RhSHetmbif95nRTDGz/jMkkRJFssClPhoPnTxOD0uQKGYmIIZYqbWx02pIoyk4IumhC85ZdXSfOy7FXKlYerUvU2j6NATskZuSAeuSZVck9qpEEYGZNn8krerMx6sd6tj0XrmpXPnJA/sD5/AA9fk/Q=</latexit>

Two terms

<latexit sha1_base64="3jYGQeLI0DWVeW+hdsGatEhGqdw=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqB4CHFGJHoMevFmBLNAJoSeTiVp7FnoromGIX/gxV/x4kERr169+Td2loMmPih4vFdFVT0vkkKjbX9bqYXFpeWV9GpmbX1jcyu7vVPVYaw4VHgoQ1X3mAYpAqigQAn1SAHzPQk17+5y5Nf6oLQIg1scRND0WTcQHcEZGqmVPXQRHjC59jSo/ljT9B5Et4fQpt5g6ObdvHOsWtmcXbDHoPPEmZIcmaLcyn657ZDHPgTIJdO64dgRNhOmUHAJw4wba4gYv2NdaBgaMB90Mxn/M6QHRmnTTqhMBUjH6u+JhPlaD3zPdPoMe3rWG4n/eY0YO+fNRARRjBDwyaJOLCmGdBQObQsFHOXAEMaVMLdS3mOKcTQRZkwIzuzL86R6UnCKheLNaa50MY0jTfbIPjkiDjkjJXJFyqRCOHkkz+SVvFlP1ov1bn1MWlPWdGaX/IH1+QP5CJyY</latexit>

Observations weighted by 1/r

Figure C.13: Results of KI variation as a function of the apparent crack length, using up to nine terms from
Eqn. 4.5 in the fitting procedure based on Eqn. 4.9. The horizontal dash line in each figure corresponds to the
static fracture toughness of Macor™.

460

Appendix D. 3D Abaqus/Explicit simulations461

In the numerical model, we consider a standard three-point flexural test setup, which also462

mimicks our experimental loading condition. We consider a thin sample (h = 1.5 mm) and463

a thick sample (h = 0. 15 mm), each of which is supported by two cylinders on the bottom464

and loaded by one cylinder on the top. All objects (cylinders and samples) are discretized465

with standard tetrahedral elements that are locally refined near the crack tip region. Fig. D.14466

shows the model. We consider cylinders to be made of steel and samples to be made of Macor™.467

Linear elasticity is used for both materials. Macor™ has a density of 2520 kg/m3, a Young’s468

modulus of 66.9 GPa, and a Poisson’s ratio of 0.29. Steel has a density of 7830 kg/m3, a Young’s469

modulus of 210 GPa, and a Poisson’s ratio of 0.3. General contact with a friction coefficient of470

0.1 is used to characterize the contact behavior between cylinders and the samples. Fig. D.15471

shows the in-plane stress gradient distribution calculated from the thin sample and the thick472

sample. Indeed, the former is similar to the latter, since the applied load scales with sample473

thickness. Fig. D.16 shows the distribution of σzz as a function of the distance to the crack tip.474

We observe that σzz decays much slower for the thick sample. In addition, the distance (r/h475

=0.5) at which σzz becomes negligible is also consistent with previous studies [44, 7].476
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Figure D.14: Two numerical models constructed for Abaqus calculations: a thin sample (a) and a thick sample
(b).
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(d)

Figure D.15: Left column: Spatial distribution of ∂(σ̂xx + σ̂yy)/∂y for the thin sample (a) and the thick sample
(b). Right column: Spatial distribution of ∂(σ̂xx + σ̂yy)/∂x for the thin sample (c) and the thick sample (d).
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(a)

Figure D.16: (a) Distribution of the normalized out-of-plane stress σzz/E as a function of the normalized
distance to the crack tip r/a for both the thin (blue) and the thick (red) sample, where a is the notch length
equaling 1 mm. The inset figure visualizes the spatial distribution of σzz around the crack tip for the thin
(left) and the thick sample (right). (b) A similar plot to (a) but for the distribution of the in-plane stress
(σ̂xx + σ̂yy)/E for the thin (blue) and the thick (red) sample.
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