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ARTICLE INFO ABSTRACT

Keywords: Under external perturbations, inter-particle forces in disordered granular media are well known to form a
Soft granular media heterogeneous distribution with filamentary patterns. Better understanding these forces and the distribution is
Contact mechanics

important for predicting the collective behavior of granular media, the media second only to water as the most
manipulated material in global industry. However, studies in this regard so far have been largely confined to
granular media exhibiting only geometric heterogeneity, leaving the dimension of mechanical heterogeneity a
rather uncharted area. Here, through a FEM contact mechanics model, we show that a heterogeneous inter-
particle force distribution can also emerge from the dimension of mechanical heterogeneity alone. Specifically,
we numerically study inter-particle forces in packing of mechanically heterogeneous disks arranged over
either a square or a hexagonal lattice and under quasi-static isotropic compression. Our results show that,
at the system scale, a hexagonal packing exhibit a more heterogeneous inter-particle force distribution than a
square packing does; At the particle scale, for both packing lattices, preliminary analysis shows the consistent
coexistence of outliers (i.e., softer disks sustaining larger forces while stiffer disks sustaining smaller forces) in
comparison to their homogeneous counterparts, which implies the existence of nonlocal effect. Further analysis
on the portion of outliers and on spatial contact force correlations suggest that the hexagonal packing shows
more pronounced nonlocal effect over the square packing under small mechanical heterogeneity. However,
such trend is reversed when assemblies becomes more mechanically heterogeneous. Lastly, we confirm that,
in the absence of particle reorganization events, contact friction merely plays the role of packing stabilization
while its variation has little effect on inter-particle forces and their distribution.

Finite element method
Mechanical heterogeneity
Inter-particle force distribution
Spatial force correlation

1. Introduction packing structure of a granular media (Dantu, 1957; Gendelman et al.,
2016; DeGiuli and McElwaine, 2016; Hurley et al., 2017; Kollmer and

Upon external perturbations, inter-particle contact forces in dis- Daniels, 2019), with the packing structure itself being also heteroge-
ordered granular media are well known to form, both experimen- neous (“geometric heterogeneity") and depends on various properties of
tally (Majmudar and Behringer, 2005) and numerically (Radjai et al., the constituent particles such as particle shape (Kawamoto et al., 2018;

1996), a spatially heterogeneous distribution with filamentary patterns Azéma et al., 2013; Li et al., 2019; Karapiperis et al., 2020; Wang et al.,
(i.e., force chains). These forces and together with the distribution are

well known to play a pivotal role in determining how granular media
collectively behave (e.g., shear banding (Kawamoto et al., 2018) and
solid-liquid phase transitioning (Andreotti et al., 2013; Li and Andrade,
2020)) and interact with external stimuli (e.g., intruder impact (Clark
et al., 2015) and wave propagation (Zhai et al., 2020)). Understanding
them is therefore relevant to many applications in engineering (e.g., de-
signing adaptive devices (Daraio et al., 2006; Wang et al., 2021)) and
(geo-) physics (e.g., mitigating geophysical hazards (Johnson and Jia,

2020), size polydispersity (Nguyen et al., 2014) and friction (Blair et al.,
2001; Binaree et al., 2020). These studies leveraged either advanced
experimental or numerical techniques to quantify contact forces and
study their distribution formed within a granular packing under ex-
ternal mechanical perturbations: On the experiment side, photo-elastic
experiments (Majmudar and Behringer, 2005; Drescher and De Jong,
1972) using rubber-like birefringent materials have been playing a
pivotal role in quantifying contact forces in deformable particle pack-

2005)). ings; On the simulation side, the explicit Discrete Element Method
Numerous studies have shown that features of inter-particle forces (DEM) (Cundall and Strack, 1979) and the implicit Non-smooth Contact
and the distribution depend non-trivially and sensitively on the specific Dynamics (NSCD) (Jean, 1999) method have been the two major means
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to quantify contact forces in rigid particle packings. Very recently, these
two numerical methods are also being extended to study the collective
compaction behavior of highly deformable (Vu et al., 2019; Cantor
et al.,, 2020) or compressible (Vu et al., 2021) particle packings, or
that of bi-mixtures of rigid and deformable particle packings (Cardenas-
Barrantes et al., 2020). These experimental and numerical studies found
that, for disordered disk or sphere packings, both the normal and
tangential (frictional) contact forces show exponential distributions
for strong forces (i.e., those above the mean) and show power-law
distributions for weak forces (i.e., those below the mean) (Majmudar
and Behringer, 2005; Radjai et al., 1996). Further, the observation of
exponentially distributed strong normal forces seems to be insensitive
to particle shape variation based on studies investigating rigid polyhe-
dron (Azéma et al., 2009) and deformable ellipse packings (Wang et al.,
2021b), although the associated scaling exponent depends on particle
shape. In addition, strong normal forces were found to gradually switch
from showing an exponential distribution to showing a Gaussian dis-
tribution as a packing’s size polydispersity decreases (Voivret et al.,
2009), with the Gaussian distribution being discovered in ordered
packings of frictionless and rigid disks (van Eerd et al., 2007). Lastly,
it was found that, as far as normal contact forces at the boundaries of
sphere packings are concerned, they show an exponential distribution
whose shape is insensitive to contact friction (Blair et al., 2001).
However, nearly all studies to date have been focusing on granular
media composed of mechanically homogeneous (being either rigid or
deformable) particles, leaving the aspect of mechanical heterogeneity a
rather uncharted area. The first attempt to aim at exploring the aspect
of mechanical heterogeneity, to the best of our knowledge, dates back
to 1986 where a set of experiments were performed to investigate force
transmissions in bi-mixtures of plexiglass and rubber particles arranged
over a hexagonal lattice (Travers et al., 1986). This experimental study
suggested that — though only qualitatively — heterogeneous contact
forces can also be induced by only mechanical heterogeneity. Unfor-
tunately, further investigations along this aspect have since remained
largely undeveloped. As a result, it still remains unclear how contact
forces are distributed in mechanically heterogeneous granular media.

In this paper, we attempt to study quantitatively via simulations
inter-particle forces and the distribution within granular media com-
posed of mechanically heterogeneous particles. We consider it an in-
teresting and important problem, not only because of its relevance
to many geophysical applications (where geo-materials can be highly
heterogeneous mechanically), but due to a more fundamental aspect
of opening a potential avenue of engineering novel granular media
through a bottom-up perspective. Such bottom-up engineering may be
achieved, in the future, through a tactical combination of mechanical
heterogeneity and geometric heterogeneity, which in turn allows us
to actively control the contact force distribution of granular media
(e.g., achieving a homogeneous inter-particle force distribution). As a
point of departure, in this paper we numerically approach this prob-
lem in its minimal dimension possible: we isolate the dimension of
mechanical heterogeneity by considering packing of mono-sized disks
(plane-strain cylinders) arranged over two canonical lattices: a square
lattice and a hexagonal lattice. We also assume small deformation
within every disk such that point-like contacts and contact forces can
still be rationally defined. Lastly, we assume that no particle reorga-
nization occurs upon quasi-static loading. Here the phrase “particle
reorganization" refers to particle movements that involve dynamical
events and potential finite deformations that can also lead to the loss
of inter-particle contacts. Examples are abrupt dynamical frictional
slips between two contacting disks that may also cause large disk
rotations and the loss of contacts between the two disks. Essentially, we
restrain our scope to studying disk assemblies where every disk is able
to achieve static equilibrium given the surrounding contact tractions
(normal and frictional tractions) in the limit of small deformation.
With the scope being defined, we wish to explore the following three
questions:
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+ At the system scale, what does the inter-particle force distribution
look like and how does it differ between the two packing lattices?

+ At the particle scale, how does the variation of the mechanical
property of a disk alters the amount of force the disk sustains and
how does it differ between the two packing lattices?

+ At both the system and the particle scale, does contact friction
play a role for either lattice?

The rest of the paper is organized as follows. In section. 2, we
briefly introduce an implementation of a 2D FEM multi-body contact
mechanics algorithm whose details together with benchmark tests are
presented in Supplementary Material. In section. 3, we apply the imple-
mented algorithm to model ordered packing under quasi-static isotropic
compression and analyze inter-particle forces on both the system scale
and the particle scale. We also discuss the effect of contact friction. In
section. 4, we conclude with a brief summary of our findings and the
inspired outlook for future work.

2. Modeling methodology

Within our scope of small deformation and no particle reorganiza-
tion in the quasi-static limit, the implementation is greatly simplified.
The central idea is to find iteratively the displacement field such
that the resulting contact traction together with all other boundary
conditions, equilibrate each solid body in a granular system under
consideration. In turn, when equilibration is not possible, we take
it as a sign of particles undergoing reorganization (e.g., induced by
frictional instabilities) being inevitable.! We adopt the classical penalty
formulation to model contacts between solid bodies. Using the penalty
formulation allows us to readily detect contact between two adjacent
disks. We pay extra attention to pick the appropriate values for penalty
parameters (the normal contact stiffness k, and the tangential con-
tact stiffness k,) that can capture reasonably well the contact physics
but at the same time prevent numerical instabilities from happen-
ing. During the early stage of the implementation, we consulted the
book (Laursen, 2013) and the paper (Simo and Laursen, 1992) for
general theoretical perspectives. The source code is publicly acces-
sible through https://github.com/liuchili/2D-FEM-multibody-contact-
mechanics.git. Details of the implementation are discussed from a top-
down perspective in Supplementary Material. Interested readers can
consult the Supplementary Material for a quicker understanding of the
implementation.

3. Modeling ordered packings of disks under quasi-static isotropic
compression

In this section, we use the developed implementation to model or-
dered packing of mono-sized disks. We first introduce the model setup,
the calibration of contact parameters, and the preparation of initial
configurations. After that, we discuss the simulation results concerning
inter-particle forces and the distribution on both the system scale and
the particle scale.

3.1. Virtual experiment setup

We consider mono-sized disks (with radius R = 5 mm) arranged
spatially over two canonical packing lattices: a square one with 625
disks (see Fig. 1(a)) and a hexagonal one with 711 disks (see Fig. 1(b)).
These two assemblies are confined in two similar-sized rectangular do-
mains respectively and subjected to quasi-static isotropic compression
under plane-strain condition. We choose such a system size (500 ~ 1000
particles) to be consistent with the commonly adopted system size in

1 We acknowledge that, in actual implementation, discretization errors
(e.g., poor mesh qualities) can also prevent equilibration from happening.


https://github.com/liuchili/2D-FEM-multibody-contact-mechanics.git
https://github.com/liuchili/2D-FEM-multibody-contact-mechanics.git
https://github.com/liuchili/2D-FEM-multibody-contact-mechanics.git

L. Liet al

Mechanics of Materials 162 (2021) 104055

Square packing, N = 625

G S A N N

F

Hexagonal packing, N = 711

F
o 1 1 1 1]

11l
: F
; g
. \\
ﬁ@ \fév\/ )

Fig. 1. Virtual experiment setup. (a) The considered square packing composed of 625 mono-sized disks under isotropic compression. The top and right boundaries are modeled
as very rigid rectangles that are both subjected to a compressive force F while with their degrees of freedom being fixed along the direction perpendicular to the applied force
F. The left and bottom boundaries are modeled as fixed rigid walls. (b) The considered hexagonal packing composed of 711 mono-sized disks under isotropic compression. The
top and bottom boundaries are treated as the same as those in the square packing. The left and right boundaries are designed to have a zig-zag shape for their surfaces touching
the disks, which aims at providing a more homogeneous contact force distribution along the boundary. The right boundary is under the same constraints as the right boundary
in the square packing, while the left boundary is constraint entirely from moving, to mimic the fixed rigid wall used as the left boundary in the square packing.

real experiments (e.g., photoelasticity) that investigate the particle-
scale and meso-scale physics of granular materials (Bassett et al., 2015;
Papadopoulos et al., 2016). For the square packing, the bottom and left
boundaries are treated as stationary rigid walls, while the right and
top boundaries are treated as rectangular-shaped solids and are both
subjected to a constant compressive force F and are constrained along
the direction perpendicular to the direction of F, as shown in Fig. 1(a).
For the hexagonal packing, all boundaries are treated essentially the
same as for the square packing case, except that the inner surfaces
(those touching the disks) of the left and the right solids are changed to
have zig-zag shapes, as shown in Fig. 1(b). We make such a change to
increase the homogeneity of contact forces for the hexagonal packing in
the reference configuration where every disk has the same mechanical
properties.

3.2. Input of mechanical properties

We consider disks whose mechanical properties are close to those of
rubber-like materials. Since rubber is mostly incompressible (v, pper =
0.5), we consider a “plane-strain-equivalent" material whose E and v
satisfy E = 8/9E.pper and v = 1/3, where E, ;. is the Young’s
modulus of the rubber. This relation can be deduced (see (Vu et al.,
2019) for detail) by matching the strain energy density between a
rubber-like material and its “plane-strain-equivalent" counterpart and
demanding the in-plane principle stretches to be the same. In our
virtual experiments, we remain v = 1/3 unchanged, and we sample
E for each disk from a truncated Gaussian distribution with a mean
Eean = 2.75 MPa, a lower bound E;, = 0.5 MPa (which is close to the
material used in Vu et al. (2019)), and an upper bound E_,, = 5 MPa
(which is close to the material used in Hurley et al. (2014)). We use
the truncated Gaussian distribution for its convenient approximation
of both a uniform distribution (by picking a relatively large standard
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Fig. 2. The normalized truncated Gaussian distribution used to sample the Young’s modulus E of each disk.

deviation) and a Dirac-delta distribution (by picking a relatively small
standard deviation). Specifically, we vary the standard deviation o =
0.125,0.25,0.5,1,2,4, and 32, and for each o, we sample 10 different
configurations to get meaningful statistics. Fig. 2 shows the normalized
probability density function for each standard deviation o . When
o = 32 we are essentially sampling from a uniform distribution from
E = 0.5 MPa to E =5 MPa, whilst when o = 0.125 we are essentially
sampling from a peaked distribution that is very close to the Dirac-delta
distribution 6(Epean)-

3.3. Determination of penalty parameters

It is important to pick the appropriate penalization parameters (k,
and k,) for a contact problem simulation, especially in our cases where
contacts happen among disks with different mechanical properties. Ide-
ally, we will need to pick values of k, and k, that are as large as possible
to approximate as close as possible the physical contact laws, which
require no normal inter-disk penetration and no tangential inter-disk
slip when frictional tractions are below the thresholds set by normal
tractions and the contact friction. Also, values of k, and k, needs to be
larger when the considered contacting solids are stiffer (e.g., having
a larger Young’s modulus). In our cases, if the values of k, and k,
are large enough to physically capture the contact mechanics between
stiffest disks (E =5 MPa), and at the same time if such values are not
overly large so that the contact interaction softest disks (E = 0.5 MPa)
is free from numerical instabilities, we will be able to accurately model
contact mechanics between any disks that are between the softest and
the stiffest. One more factor to consider is to pick the appropriate
number of elements/nodes per disk that is computationally feasible for
us. In light of these considerations, we perform displacement-controlled
(with Au = 0.002 mm) isotropic compression tests on a single disk
with 10 loading steps (Fig. 3(a)), considering both E = E_;, and
E = E . and considering both a dense mesh with 2321 nodes (top
figure in Fig. 3(b)) and a coarse mesh with 167 nodes (bottom figure
in Fig. 3(b)). The goal is to find appropriate values of k, and k, that
can quantitatively capture contact forces F using the coarse mesh by
comparing to results obtained from the dense mesh. We find that when
k, is larger than 200 MPa/mm (taking k, = k,), for E = E_,, the
resulting contact force no longer changes appreciably, at least for the
range of considered loading steps. We then apply the same k, and k,
to a case using the coarse mesh and find good agreement (Fig. 3(c)).
However, this value of 200 MPa/mm is too large for cases with E =
Ein to converge, and after calibration we find a value of 150 MPa/mm
is a suitable choice, as (1) it can converge simulations with E = E_;,
giving accurate results, and (2) it reduces negligibly the accuracy for
simulations with E = E,, at least for contact forces smaller than 30 N.

Lastly, we note that due to the symmetry of the isotropic compression
configuration, we find the above results insensitive to the specific value
of u, (we tried with y; = 0 and p; = 0.5). Based on the above
discussions, for our virtual isotropic compression experiments, we use
k, = k, = 150 MPa/mm, and we apply an incremental load of F = 250 N
with three loading steps. At the last loading step with F = 750 N the
resulting contact force will be around 30 N which is in the accuracy
range of using k, = k, = 150 MPa/mm. Lastly, we pick a contact friction
u, = 0.5 (a good choice for rubber-like material similar to (Li et al.,
2019)) between disks, and we set the contact friction between disks
and the four boundaries to be zero.

3.4. Preparation of initial configurations

For each packing lattice, similar to the procedure adopted in Liu and
Sun (2020), we prepare an initial configuration by stacking disks with
slightly larger radii 5.01 mm and relaxing the configuration with the
four boundaries being held fixed. We apply this protocol to generate a
very small overlap between two disks. Such overlap serves as a good
initial guess for our implementation to find the solution iteratively,
and it aids the convergence of our computations. We assign Ep.,, tO
every disk and relax the configuration multiple times with k, = k, =
150 MPa/mm, to get sufficiently small inter-disk overlap. Multi-step
relaxation can be realized by setting U;’(’ftfl = 0 after we finished the
first z — 1 relaxation steps, updated the configuration along the way
and before we start the zth relaxation step. As expected, the inter-disk
overlap becomes smaller and smaller as indicated by the distribution
of maximum shear stress within each disk (Fig. 4). For both packing
lattices, we encounter convergence issues at the fourth relaxation step,
which implies that the inter-disk overlap has become sufficiently small.
Accordingly, for each packing lattice, we take the relaxed and updated
configuration after the third relaxation as the initial configuration of
our virtual experiments.

3.5. Simulation results and discussions

3.5.1. Contact force heterogeneity: intensity

We first investigate the system-level heterogeneity variations of
contact forces in both packing lattices as o is varied. We first quantify
such system-level heterogeneity by computing the standard deviation of
all contact force magnitudes, terms as o4, in a simulated configuration.
To obtain [f], we compute f'“/ (the vectorial form of f'/) by £/ =
f ;"’j - fjf_’j )/2 between every two contacting disks, where f ::‘_'j and
fj.‘_)j are the summation of forces on active nodes of solid (i) with
respect to solid (j) and that on active nodes of solid (j) with respect
to solid (i). We take a minus sign between these two quantities as
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Fig. 3. (a) The isotropic compression setup used to calibrate the penalty parameters. (b) Visualizations of the dense mesh (top panel) and the coarse mesh (bottom panel). (c)
Simulation results of boundary contact forces as a function of imposed displacement, for a disk with E = E_,, =5 MPa using both the dense and coarse mesh, and using different

penalty parameters.

Square packing

D 000000000000 0000000000d

Second relaxation done

+e+e
D 0000000000000000000088¢

Third relaxation done

Tmax [MPa]

0 2

4 6

Hexagonal packing

Second relaxation done

Third relaxation done

Fig. 4. The distribution of maximum shear stress z,,, within each disk for both the square packing (a) and the hexagonal packing (b) at each of three relaxation stages. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

they satisfy, in theory, f i"’j + fjf_’j = 0 because of Newton’s third
law. We take an average between these two quantities to reduce
possible bias on evaluating f'~/ due to FEM discretization. Fig. 5(a)
shows the variation of o/, with the variation of o for both packing
lattices and for the three applied loads F = 250 N, F = 500 N and
F = 750 N, in a semi-log plot. Each data point shows the averaged
value of o[, considering ten configurations independently sampled
from a truncated normal distribution with a given o, together with
the error bar indicating the variation. For both packing lattices, of/
first increases with the increase of s and plateaus when oy goes
beyond 2 (the dashed vertical line). However, o; 71 from a square lattice
increases much faster when o, is smaller than two compared to that
of a hexagonal lattice. In addition, the difference of o) between the

two packing lattices increases with the increase of external load F,
with o, of a square lattice being consistently greater than that of a
hexagonal lattice for all . Alternatively, if we quantify the system-
level heterogeneity using o 7150l instead of o} 11> @S shown in Fig. 5(b),
we find that contact forces in a hexagonal lattice is actually more
heterogeneous than those in a square lattice. Here oy, , indicates the
standard deviation of [f/f,] where [f,] represents the collection of
contact force magnitudes from the reference configuration in which
all disks share the same E (65 — 0). This observation can be made
more conclusively by looking at the probability distribution of normal
contact force (which is discussed in more detail in the next paragraph),
as shown in Figs. 6(a)-(h), where the hexagonal packing shows a more
widespread distribution than the square packing does. The apparent
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Fig. 5. (a) The standard deviation of contact force magnitudes, o/, as a function of o, for both the square lattice (data in blue) and the hexagonal lattice (data in red), under
three different compressive forces F = 250 N,500 N and 750 N. Error bars indicating variations computed from ten independently sampled configurations using a single 6. The
vertical dashed line indicates o, =2 Mpa. (b) A similar figure to (a) but showing the normalized standard deviation of contact force magnitudes, o,,,,,. (c) The spatial distribution
of maximum in-plane shear strain y,,,, with each disk for the square packing whose configuration is sampled from ¢, = 32. (d) A similar figure to (c) but showing results from the
hexagonal packing. (e) A zoom-in figure showing the distribution of y,,, overlaid with inter-particle forces whose magnitudes are represented by the length and thickness of solid
black lines, and whose directions are aligned with the directions of those lines. (f) A similar figure to (e) but showing results from the hexagonal packing. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

discrepancy between o) and oy, | may be explained by the fact that
a hexagonal lattice allows for larger coordination number ({(Z) = 6)
over a square lattice ((Z) = 4). As a result, in an absolute term (o} ),
a contact in a square lattice sustains on average a larger contact force
compared to a contact does in a hexagonal lattice, thus giving greater
contact force heterogeneity under the same applied load. Additionally,
a larger coordinate number allows for more options for contact forces
to distribute in space, thus in a relative term (oy, / fo])’ enabling greater
contact force heterogeneity. Moreover, we find that, once normalized
by [fo], the relative contact force heterogeneity oy, become rather
insensitive to the considered range of external loading, as shown by
the collapse of curves in Fig. 5(b). Lastly, to aid visualization, we show
the spatial distribution of maximum in-plane shear strain (y,,,,,) of one
configuration sampled from o, = 32 and subjected to F = 750 N from
both the square lattice (Fig. 5(c)) and the hexagonal lattice (Fig. 5(d)).
We can clearly observe that some disks are under much larger shear
deformation than others, in a similar way to how cylinders shine with
different intensities in a photo-elastic experiment. However, we note
that, unlike in a photo-elastic experiment where brighter cylinders
indicate locations of larger contact forces, in our virtual experiments
“brighter" (in terms of shear strains) disks instead suggest locations of
smaller contact forces. We present a zoomed-in plot of a small area of
Fig. 5(c) and Fig. 5(d), respectively, as shown in Figs. 5(e)(f). It can be
observed that larger contact forces (represented by longer and thicker
solid black lines) take place generally between disks with smaller shear
strains. In addition, the direction of each solid black line is aligned with

the direction of the corresponding contact force. Its deviation from the
direction of the branch vector (a vector connecting the center of mass
of two contacting disks) suggests the existence of frictional forces that
arise from non-zero contact friction.

We next move to analyze the probability distributions of contact
forces from our virtual experiments and compare the results with the
classical ones obtained from disordered packing of rigid disks (termed
as DPRD hereafter for simplicity). We first compute the normal contact
force magnitudes [f,] and tangential (frictional) contact forces mag-
nitudes [f,] from [f]. Since we implement the contact law on a stress
level instead of on a force level as in ordinary DEM (Cundall and Strack,
1979), f_or a contact between solid (i) and solid (j), we compute f,i‘_’j
and f,~” in the following way: Suppose that we have £’/ (the vectorial
form of f/=/) already computed following the procedure described in
the preceding paragraph, and suppose that due to small deformation
we can approximate the contact normal n'~/ by the branch vector
1= = xO - xO using n'~/ = 177 /|]ii%]|,, where X and X¥
are the centroid positions of solid (i) and solid (j) in the undeformed
configuration. With these quantities at hand, we can compute f/™/ =

Ifi=7 - ni=J| and f”'“’j - \/fl*-'j L fied - (f";"’j>2. Then, following the
convention adopted in Radjai et al. (1996), we plot the normalized
probability distributions, f,/{f,) and f,/(f,), for both packing lattices
subjected to all three loading steps and with oy = 32 (Fig. 6(a) and
Fig. 7(a)), o = 1 (Fig. 6(b) and Fig. 7(b)), 65 = 0.5 (Fig. 6(c) and
Fig. 7(c)) and oy = 0.25 (Fig. 6(d) and Fig. 7(d)). Here (f,) and (f;)
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are the mean normal contact force magnitude and the mean tangential
(frictional) force magnitude, respectively. In addition, similar to data
presented in Figs. 5(a)(b), data shown in every sub-figure of Figs. 6
and 7 are results from the average of ten configurations independently
sampled with a given op.

First, let us focus on the normalized probability distribution of f,.
Generally speaking, the hexagonal packing shows a more widespread
probability distribution of f, /(f,) over the square packing, indicating
the distribution of contact force magnitudes for the hexagonal pack-
ing is more scattered. This general observation is consistent with the
observation from Fig. 5(b) that o/, from the hexagonal packing is
greater than that from the square packing. For the square packing,
the probability distribution curve narrows toward the mean (where
the probability peaks) as o decreases, indicating the convergence to
a homogeneous contact force distribution where f, = (f,) for every
contact. For the hexagonal packing, although the narrowing trend also
appears, the probability distribution seems to converge to a different
type of distribution as o, decreases. This distribution has multiple
peaks (Fig. 6(a)) whose normal forces correspond to f,,, (which is
defined per contact) obtained from the reference configuration. Note
that, in the reference configuration, unlike the square packing where
fon is the same for all contacts, f;, is not the same for all contacts
for the hexagonal packing. This is due to the fact that, unlike the
square lattice case, the loading direction (a square type) is not aligned
with the lattice direction (a hexagonal type), thus leading to different
contact forces among contacts. Interestingly, when we instead plot the
probability distribution of f,/f,, data from the hexagonal packing no
longer show any peak when o us small, as indicated for example by
Fig. 6(e) in comparison to Fig. 6(a) and by Fig. 6(f) in comparison to
Fig. 6(b). Further, data from the hexagonal packing rapidly converge
to data from the square packing as o decreases, and they both show
exponential-like tails for normalized normal force above the mean (f,, >
fon) and also for normalized normal force below the mean (f, < fy,),
as shown in Figs. 6(e), (f), (g) and (h). We further fit exponential
functions of the form aexp(-1f,/fy,) to those tails with characteristic
exponents (Fig. 6(f)) Ayeq (for normalized normal forces below the
mean) and Agyong (for normalized normal forces above the mean), and
we plot the variation of Ayey and Agyong along op for both packing
lattices, as shown in Fig. 6(i). It can be observed that for both packing
lattices, the magnitudes of both Ayeq and Agyong rapidly decay as of
increase and almost saturate when o goes beyond one. Interestingly,
these exponential tails of the normal force distributions observed in
our hexagonal but mechanically heterogeneous packings are different
from the Gaussian-like tails observed in hexagonally-arranged rigid
frictionless packings (van Eerd et al., 2007). The apparent discrepancy
observed in the normal force distribution for these two packings may
be explained by different protocols from which forces are generated:
In our work normal forces are generated from only one loading type
(i.e., compressing uniformly along the x and y direction), while in van
Eerd et al. (2007) normal forces are generated statistically from all
force ensembles as long as the sampled forces satisfy overall stresses
and balance each particle. It may be interesting to see whether the
normal distribution will have a Gaussian-like tail if we further included
normal forces generated from multiple other loading types (e.g., a
uniaxial compression).

Next, we focus on discussing the normalized probability distribution
of f,. In contrast to f,,, the hexagonal packing shows a less widespread
probability distribution of f, than the square packing (Figs. 7(a)(b)(c)).
However, as o increases, results from the hexagonal packing gradu-
ally converge to those from the square packing, exhibiting a lattice-
independent trend. In particular, when o, is relatively large (i.e., o =
32), results from both packing lattices show nearly identical trend for
f, above the mean (Figs. 7(d)); this trend has a tail decaying faster
than an exponential one which is commonly observed in DPRD. For f,
below the mean the probability keeps increasing as f; approaches zero,
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which is in qualitative agreement with the power law scaling observed
in DPRD for f, below the mean.

In all, by comparing the probability distributions of f, and f, for
both packing lattices, we conclude that, in the absence of particle
reorganization, f, plays a more dominant role over f, in determining
the degree of contact force heterogeneity of an ordered packing. We
close this section by presenting two figures visualizing the contact force
distributions for both the square lattice (Fig. 8) and the hexagonal
lattice (Fig. 9) obtained from configurations sampled from different
o and subjected to different F. Contact forces in both figures are
scaled with the same constant. We can clearly observe the emergence
of preferred locations of contact forces as o increases, in a way
reminiscent of force chains observed in DPRD.

3.5.2. Contact force heterogeneity: orientation

In natural disordered granular media, it is well known that hetero-
geneity emerges not only as heterogeneous force intensities, but also
as heterogeneous force orientations, and that both heterogeneities give
rise to the ability of a natural disordered granular packing to resist an
external loading. Accordingly, in this section, we shift our attention
to analyze the contact force heterogeneity in terms of the orientation,
instead of the intensity as discussed in section. 3.5.1.

We propose a parameter 6 to quantify the force orientation het-
erogeneity in a granular packing. We define ¢ as the deviation from
the direction of a contact force, f, to that of the contact force in
the reference configuration, f,. In the reference configuration where
every disk has the same mechanical property, f is either horizontal or
vertical in a square packing, while in a hexagonal packing f, can be
horizontal, or 60° from being horizontal, or 120° from being horizontal.
We compute both the average, ypy;, and the standard deviation, oy,
of 6 for both packing lattices considering different values of o, as
shown in Fig. 10(a) and Fig. 10(b). Both results suggest that for both
packing lattices the level of force orientation heterogeneity increases
with the increase of mechanical heterogeneity (i.e., the increase of
o). In addition, when o is small, the force orientation heterogeneity
of the square packing is weaker than that of the hexagonal packing,
but it quicks converges to that of the hexagonal packing as o in-
creases. These two observations can also be made by computing the
probability distribution of ¢ at different values of o, as shown from
Fig. 10(c) to Fig. 10(f) where values of oy are 0.25 MPa, 0.5 MPa, 1
MPa and 32 MPa, respectively. The observed generally stronger force
orientation heterogeneity in the hexagonal packing may be explained
by the larger coordination number the hexagonal packing possesses in
comparison to the square packing, which gives the hexagonal packing
more possibilities for contact force orientations.

3.5.3. Particle-scale gain of contact forces

Observing the interesting patterns presented in Figs. 8 and 9, it
is then natural to wonder about a possible correlation between the
mechanical property of a disk and the amount of contact force that
disk sustains. Or in other words, does the mechanical property of a disk
(in this work just the Young’s modulus) play a role in determining the
amount of contact force that disk receives? For disks being laterally
confined into a one-dimensional chain, the answer is trivially that
mechanical properties play no role, since geometrical constraints allows
for a single path for contact forces to locate in space to balance the
externally applied load regardless of how soft or how compressible
a constituent disk is. However, when disks are arranged in 2D (and,
of course, 3D) arrays the scenarios become much less straightforward,
since there are multiple potential paths allowing for contact forces to
form networks to balance the externally applied load. In particular,
different mechanical properties of contacting disks lead to non-affine
deformation from one disk to another (see for example Fig. 5(c)),
which can cause stress redistribution (and subsequently contact force
redistribution) that otherwise vanishes in disk packing with homoge-
neous mechanical properties. In this regard, we define the following
two quantities to investigate the possible correlation between Young’s
modulus and the sustained contact force of a disk:
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is obtained from the reference configuration in which E = E_ ..,

* ap = (E/Egean — 1) X 100% defined as the relative “stiffness"
for every disk.

variation for a disk with respect to its reference state E_q.n-
cap = (f/fo — 1) x 100% defined as the corresponding relative

contact force gain/loss for the disk with respect to its referenced
state f,,, where f is the total contact force sustained by that disk
with a given Young’s modulus E, and f|, is defined similarly but

Solely from an energy point of view without any consideration of the
potential spatial correlation among constituent disks, under the same
external load, a, should be positively correlated to ag, i.e., stiffer disks
gain larger contact forces, which corresponds to less work done by the
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Contact forces are represented by solid black lines whose length and thickness are scaled according to the magnitudes of contact forces.

applied external load and consequently less strain energy stored by the
disks.? First, we focus on discussing the correlation between «y and
ay for the square packing. We pick five scenarios (¢ = 0.25,0.5,1,2
and 32) under F 250 N (Fig. 11(a)), and for each scenario, we
plot all a, and «f data obtained from the ten independently sampled
configurations (upper panel of Fig. 11(b)). We color data in blue if
a; and ap appear in the first and third quadrants of each sub-figure,
i.e., they are positively correlated as a,ap > 0, and we color data in red
if otherwise (a;ap < 0 residing in the second and fourth quadrants).
Two qualitative observations can be made. First, there indeed exist
a positive correlation (data in blue) between «; and ay when o is
relatively small (o6 < 2). However, there are also “outliers" (data in
red) regardless of the particular value of o, i.e., softer disks (a; < 0)
ending up gaining larger forces (a, > 0) while stiffer disks (ap > 0)

ending up gaining smaller forces (o, < 0). Second, as o increases,
the positive correlation becomes weaker and the portion of “outliers"
become greater. The above two observations suggest the existence of
nonlocal effect, i.e., how much force a disk sustains depends not only
on how stiff that disk is, but also how stiff the surrounding disks
are. We accordingly perform a first-order nonlocality check, labeling
the stiffness of a disk by a new quantity E. that considers immediate

2 We assume that energy potentially dissipated through friction is not
significant compared to the stored strain energy.

contacting disks:

N(‘
3 (1/E,+1/E)7",

n=1

E, (3.1)

1
N,
where N, is the number of contacting disks (N, = 4 for a square
packing), and E, is the corresponding Young’s modulus of a contacting
disk. For disks near the boundaries, we simply set E, to be infinity
(1/E, — 0). Each quantity associated with a contact inside the summa-
tion on the right-hand side of Eq. (3.1) can be viewed as an effective
stiffness from two springs linked in a serial, each of whose stiffness
equals the Young’s modulus of a corresponding contacting disk. E,
thus on average quantifies how “stiff" a disk is by incorporating the
stiffness of nearby disks. Accordingly, we use a new quantity ag =
(E./E,mean — 1) X 100% and plot its correlation with «, (shown in the
second panel of Fig. 11(b)). Here E,. .., is simply the value of E,
in the reference configuration where E = E_,, for every disk. As
shown in the second panel of Fig. 11(b)), compared to simply using
E, E, appears to show better correlation with a, especially when o,
is relatively small (6 < 2). More specifically, correlated data (colored
in blue) are less scattered and the portion of “outliers" (colored in red),
particularly of those lying in the fourth quadrant (E, > E, e, but
f < fy), reduces considerably. However, when o, further increases, the
relevance of E, to f decreases, though E, still performs slightly better
than E. For the hexagonal packing, similarly, at the same five o values
(Fig. 11(c)), we plot the correlation between ay and ay (top panel of
Fig. 11(d)), and that between « E, and « f (bottom panel of Fig. 11(d)).
The general trends are very similar to those of the square packing case
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Fig. 9. A figure similar to Fig. 8 but shows results from the hexagonal packing.

but the correlations are much stronger, especially when o, is relatively
large (e.g., 65 = 32). The observed much stronger correlation in a
hexagonal packing may be explained by its larger coordination number
((Z) = 6) over that of a square packing ((Z) = 4), which statistically
promotes energetically favored load-bearing paths formed by stiffer
disks to balance the externally applied load, thereby implying a less
pronounced nonlocal effect. For both packing lattices, however, we do
observe the consistent existence of “soft outliers" (those with ag < 0
but a, > 0) regardless of the use of E, or E. Such observations suggest
that there are non-negligible spatial correlation among constituent
disks, and that such correlations appear to be long-range extending
beyond a first-order nonlocality.

To shed further light on nonlocality, we proceed to quantify the
spatial force correlations within these ordered packings. Following (Ma-
jmudar and Behringer, 2005), we compute the two-point correlation
function C(r) = (F(x)F(x +r)),, where F is the sum of the magnitudes
of the contact forces on a particle,® and x is the position of its centroid.
In order to investigate the correlation along different directions, we do
not average over the angle. We pick the same four scenarios as earlier
(o = 0.25,0.5,1 and 32) under F = 250 N, and for each scenario,
we plot the correlation (averaged over the ten independently sampled
configurations) against the normalized radial distance along various
angles (Fig. 12). In particular, the left column (Figs. 12(a), (c), (e),
and (g)) corresponds to the square packing, while the right column

3 We also studied the spatial correlation of normal and tangential forces,
which produced similar results, and are therefore not reported.

10

(Figs. 12 (b), (d), (f), and (h)) corresponds to the hexagonal packing.
In each plot, the insets reveal the polar contours of spatial correlation.
The immediate observation is that, in both arrangements, the spatial
force correlation indeed extends far beyond the first neighbors. This
is consistent with the observation of force chain-like structures in Sec-
tion 3.5.1. Despite the isotropic loading conditions, and in contrast to
observations in DPRD, the correlation is highly anisotropic, and reflects
the orientation of contacts in each arrangement. Interestingly, in the
case of the square packing, the anisotropy appears to be independent of
the degree of mechanical heterogeneity. On the contrary, the hexagonal
packing with low mechanical heterogeneity exhibits a spatial distribu-
tion of forces whose correlation is more pronounced in the horizontal
direction, while the same packing with large mechanical heterogeneity
shows a spatial correlation that is equally pronounced along the six
contact directions inherent to the arrangement. We postulate that this
is due to the directional bias of the contact forces, inherent to the
homogeneous hexagonal packing, which becomes less pronounced as
heterogeneity increases. Finally, in Fig. 13(a), we plot the evolution
of the normalized correlation length & = ¢£/D (where D denotes the
particle diameter) as a function of the material heterogeneity (o).
Note that the correlation length ¢ is obtained by fitting an exponential
correlation kernel C(r) = a exp(—r/¢) to the angle-averaged correlation
data, and is indicative of the characteristic size of particle chains and
clusters that are responsible for force transmissions. In an isotropic
(angle-averaged) sense, the hexagonal packing exhibits a slightly larger
correlation length than the square packing in the low heterogeneity
regime (e.g., o < 2 MPa), while the opposite is true in the large
heterogeneity regime (e.g., 6 > 2 MPa). This phenomenon is more
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pronounced in the case where the correlation length is computed along
the horizontal direction, as shown in Fig. 13(b). These observations
are in line with our expectations of the portion of “outliers" (discussed
in Section 3.5.3) with respect to the total number of disks computed
and shown in Fig. 13(c), where the hexagonal packing shows a larger
portion of “outliers" over the square packing when o is relatively
small (e.g., 65y < 2 MPa), while the opposite is true when o, goes
beyond 2. Finally, as expected, both packings show an overall decaying
correlation length upon increasing material heterogeneity.

3.5.4. Effect of contact friction

We have also tried varying the contact friction u, to be either
smaller or larger than 0.5, and we find u, has little effect on our
findings so long as we are able to get converged solutions. In our case
non-convergence happens when we reduce y,, and it happens more
frequently with the increase of 6. On the contrary, when u;, > 0.5
we are always able to find converged solutions. These non-converging
scenarios imply reorganization events (e.g., large rotations of particles
induced by frictional instabilities) which can also lead to loss of con-
tacts.” For instance, we find that for u, < 0.35 we were unable to find
converged solutions for hexagonal configurations sampled from ¢, =
32. It is possible in these scenarios that a relatively soft particle loses
all contacts, while the surrounding particles are relatively stiffer and

4 We rule out the possibility of numerical instabilities (e.g. those induced
by poor mesh qualities) since our simulations converge for certain values of
Hg-
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are connected in a way capable of sustaining the external load. When
reorganizations happen under smaller yu, they allow greater flexibility
among particles to explore and form more energetically favored load-
bearing paths, which may then lead to a more heterogeneous contact
force distribution and a stronger correlation between ay and aj.
Extending our findings to these scenarios would either require an ex-
tension our current implementation to be dynamic, or experimentations
with techniques (Hurley et al., 2014; Marteau and Andrade, 2017) that
can measure inter-particle forces among different types of materials.

4. Summary and outlook

In this work, we numerically explore the effect of mechanical het-
erogeneity on inter-particle forces in soft granular media using a 2D
FE contact mechanics algorithm. Specifically, we study two canonical
packing lattices — a square lattice and a hexagonal packing lattices —
under quasi-static isotropic compression. For both packing lattices, we
show that a heterogeneous inter-particle force distribution emerges as
the Young’s moduli of constituent disks gradually deviate from being
homogeneous, despite disks being arranged orderly in the absence of
geometric heterogeneity.

At the system level, under the same level of mechanical hetero-
geneity, we observe that the hexagonal packing lattice shows a more
heterogeneous inter-particle force distribution than the square packing
lattice does. This observation may be explained by the larger coordi-
nation number of the hexagonal packing lattice that promotes more
load-bearing paths. Correspondingly, we find that, on the one hand, for
normal force well above the mean, the probability distribution from the
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Fig. 11. (a) The variation of o/, against o for the square packing subjected to F =250 N. We pick five o, values and plot the correlation between a; and a, (top panel of
(b)) and that between a; and «,. Data are shown by overlaying results from the ten independently sampled configurations for each ¢. Data colored in blue locating in the first
and third quadrants, represent disks whose stiffness correlate positively to the contact force they sustain, i.e., aza, >0 or ay a, > 0. Data colored in red locating in the second
and fourth quadrants, represent “outliers" including softer disks (a; < 0 or a; < 0) gaining larger forces (a, > 0) and stiffer disks (ag >0 or a; > 0) gaining smaller forces. (c)
A similar figure to (a) but showing results from the hexagonal packing. (d) A similar figure to (b) but showing results from the hexagonal packing. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)

hexagonal packing shows a longer tail than that from the square pack-
ing. For normal forces well below the mean, the probability distribution
from both lattices show tails dipping toward zero. However, when
the probability distribution is plotted by normalizing normal forces
against their reference values (i.e., f;,), it shows a much weaker lattice-
dependent trend with both forces below and above the mean exhibiting
exponential tails. On the other hand, tangential (frictional) forces well
above the mean in both lattices show tails decaying faster than ex-
ponential ones that typically appear in DPRD. Finally, both studied
systems exhibit long-range spatial force correlation, which is consistent
with our observations of emerging force chain-like structures.

At the particle scale, both packing lattices show beyond-first-order
spatial correlation (i.e., nonlocal) effect in the sense that the amount of
contact force a disk sustains can be determined neither by considering
the stiffness of that disk alone nor by further considering the stiffness of
immediately contacting disks. Specifically, for both packing lattices we
also observe the coexistence of “outliers": softer disks gaining larger
forces and stiffer disks gaining smaller forces. Additional analysis on
spatial force correlation confirms that the spatial correlation effect
is indeed beyond first order. Further, the analysis suggests that the
hexagonal packing lattice shows strong nonlocal effect over the square
packing when o, is relatively small (i.e., 65 < 2) and the opposite holds
when o goes beyond 2, which is in line with the observation of the
portion of “outliers" in a hexagonal packing being larger than that of
the square packing when ¢ < 2 and being smaller otherwise.

12

Concerning the effect of contact friction, we find that so long as
no particle reorganization occurs, our findings are insensitive to the
particular value of y,. However, our simulations show that more me-
chanically heterogeneous packing requires a higher y to prevent reor-
ganizations from happening, suggesting a role of packing stabilization
played by contact friction.

Looking forward, we present several potential future research di-
rections. The first direction concerns a deeper understanding aiming at
correlating the amount of contact force a disk sustains to the mechan-
ical characterization of that disk. Our simulations show that even in
simple ordered packing, it is challenging to account for the range of
nonlocal effect. We believe that it is promising to tackle this challenge
through a combination of network theory and machine learning. Specif-
ically, network theory allows us to extract communities (Bassett et al.,
2015; Karapiperis and Andrade, 2021), thus implicitly taking into ac-
count the nonlocal effect. These communities serve as excellent sources
from which one can extract multiple descriptors associated to a single
disk in a way similar to (Cubuk et al., 2015). From these descriptors
we could train machine learning (ML) algorithms to identify relevant
descriptors, first as a labeling problem (i.e., correctly identifying “soft"
and “stiff" disks) and later as a regression problem (i.e., quantitatively
predicting the amount of contact forces). These trained ML models
may be used to further explore possible finite size (boundary) effects.
The second direction concerns extending our findings to regimes where
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Fig. 12. Spatial two-point correlation of the total magnitude of the force acting on a particle, evaluated along specific directions, and plotted as a function of the normalized distance.
Plots (a), (c), (e), and (g) correspond to o, = 32,1,0.5,0.25 MPa respectively for the square packing. Similarly, plots (b), (d), (f), and (h) correspond to o, = 32,1,0.5,0.25 MPa
respectively for the hexagonal packing. Insets show the polar contours of correlation for each case. (For interpretation of the references to color in this figure legend, the reader

is referred to the web version of this article.)

particle reorganizations occur. Reorganization events allow granular
media to explore more packing configurations, thus potentially lead-
ing to more energy-favored loading paths. It would be interesting to
investigate how reorganization events change the inter-particle forces
and their distribution. Such investigations can be achieved by extending
our implementation to be fully dynamic (and possibly to account for

13

finite kinematics), or through experiments using techniques capable
of measuring inter-particle forces between particles made of different
materials (Hurley et al., 2014; Marteau and Andrade, 2017). A final
promising direction relates to the development of analytical models
of force transmission in these mechanically heterogeneous packings.
In this regard, it would be worthwhile studying how theories such as
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Fig. 13. (a) Angle-averaged normalized correlation length plotted against o, for the square (colored blue) and the hexagonal (colored in red) packing. (b) A similar figure to
(a) but for horizontally-oriented correlation length. (c) The portion of “outliers" plotted against ¢ for the square (blue) and the hexagonal (red) packing. Error bars indicate one
standard deviation from the ten independently sampled configurations for each o,. (For interpretation of the references to color in this figure legend, the reader is referred to

the web version of this article.)

the g-model (Liu et al., 1995) could be extended and adapted for these
systems.

In all, by exploring the “disordered" space in terms of particles’ me-
chanical properties, our work offers a fresh perspective to the classical
understanding of inter-particle forces in granular media. It is in the
hope of the authors that this work will promote further investigations
along this direction.
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In this Supplemental Material we present in detail the implemented 2D FEM multi-body contact mechanics
algorithm. Details of the implementation are discussed from a top-down perspective with the corresponding
pseudocode presented at the end of this file.

1. Problem setting and FEM implementation

1.1. Governing equations

Let us consider a system consisting of N finite solid bodies Q*) together with their boundaries 9, where
i €Z:=1{1,2,..., N} labels each solid body. For each solid boundary 92!, we may decompose it into a union as

99 = 90t U QW U Y with 90 Naal) = 2,008 N oY = & and 90 N QY = @, where 001, 00
and 89(5) indicate the Dirichlet, Neumann and contact boundary conditions, respectively. We can further
decompose 89(5) into a union as:

(@) _ (i-4)
ool = | oad”,
JETY (1.1)
o ol M — g v keI and j #F,

where Ig) is the set containing labels of all other solid bodies that are in contact with solid body (4), and

3Qg<_j ) means the contact boundary invoked by body (j) onto (i). Naturally, we must have anej ) =

89(62%1) under equilibrium. Note that, the contact boundary condition can be viewed as a special type of
the Neumann boundary condition whose specificities are however unknown a priori. Under quasi-statics and
linearized kinematics conditions, we will need to solve, for every material point of every solid body, the following
boundary volume problem (BVP), or the so-called strong form:

Ve o+pPb=0 in QO
u =a on an),
o . ng\i,) = fg\i,) on 89%),

c®.nl) =i on 0¥ v ieT,

(1.2)

where b is the gravitational constant, and for each solid body (i), o is the Cauchy stress tensor, p is the mate-
rial density, @ is the imposed displacement field along 02p, ny and ty are the boundary outward normal and

imposed external traction along d€Q2p respectively, ng and to are the contact boundary outward normal and
the contact traction along 9€Qp respectively. Due to the presence of contacts that are unknown a priori (i.e.,
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depending on the deformed configuration ), here we evaluate every quantity in the deformed configuration,
although for quantities not involved in contact it makes little difference to evaluate them instead in the un-
deformed configuration X, thanks to the linearized kinematics (small deformation) assumption. For example,
Vx:0~V,;-0and ny(x) ~ny(X). Using the same coordinate frame for X and x, we may want to solve
for the displacement field u(z) ~ w(X) that both the contact traction ¢ and the boundaries Q¢ depend on.
For quantities involved in contact between any two solid bodies (i) and (j), compatibility and Newtons third
law further impose the following constraints:

fled) _ i)

C - C ’

(i+3) (§<=1) (i+7) (j<1) (13)
AT — R0y g e QU (=l

1.2. Variational formulations
Now, with the strong form Eq. (1.2) and the contact constraints Eq. (1.3) being defined, we construct the
corresponding weak form through variational formulation for each solid body:

find u® e Y = {ulue HYOQD), u=a® on 8(2%)}

s.t. / o(uV)V zodV :/ p(i)bvdV—i—/ f%)vdS—l-/ fg)vdS (1.4)
Q® Q® QY o

vV veV® ={vwen' (QV),v=0o0n 8(2%)},

(1) 2(i43)
tHvdS = ) / -t wds. (1.5)
/aszi” leyanl

- 7 (3)
JELH

where

We can see that, due to the presence of contacts among solid bodies as imposed by Eq. (1.5), Eq. (1.4) is
coupled across different solid bodies. Further, Eq. (1.4) must be solved iteratively as quantities presented in
Eq. (1.5) depend on the solution u? of each solid body (i) which is unknown a priori. For example, £(*<7)
and 3(2((;%] ) depend on both ©(® and u?) through a specific choice of contact law. To this end, let us close Eq.
(1.4) with a constitutive law governing the behavior of the solids. For simplicity, we consider isotropic linear
elasticity with o = C : €, where € = [Vu + (Vu)T]/2 is the infinitesimal strain tensor and C is the fourth-order
material stiffness tensor.

1.2.1. FEM implementations

Now with the weak form Eq. (1.4) being defined, we then discretize it over a triangulation 7" for
each solid body Q). For simplicity, we choose P;(7"™(*)) the continuous piecewise linear function space on
Th( a subspace of the Sobolev space ’Hl(Q(i)), to discretize both u and v following the Bubnov-Galerkin
approximation. We finally arrive at solving the following weak form which is the discretized version of Eq. (1.4):

find u"@ € U™ = {ulu € P1(T"?)),u=a? on BTg’(i)}

pDbu"dv + /

s.t. / o(u )V odV =
+10) 20

§v"ds + / vt ds (1.6)

Q) o)

v ool e ph() — {v\v c Pl(Th’(i))),’U —0on 8T£’(i)}_

Now, due to the arbitrariness of v", Eq. (1.6) further implies the following system of algebraic equations to
hold:

KU" = Feyt + Feontact(U?), (1.7)
with
K = diag{ KW, K® . KM} (1.8)
U = [u®W 4®?), ...,u“’(N)]T, (1.9)
Fuu = [FS) FS) . FODVT, (1.10)
Feontact = [Fromact(U"), Flontact (U), s Flontact U] (1.11)



where for each solid body (i), K (1) is the stiffness matrix, u®(? is the nodal displacements in need of solving,
Fe(:(z accounts for the ordinary Neumann boundary condition and the body force term, and Feopgact accounts
for the contact forces incurred through interaction with neighboring solid bodies. Since Fiontacy depends on the
solution U?, Eq. (1.7) is nonlinear in U® and must be solved iteratively. Equivalently, we want to solve the

following root-finding problem:
Find Ua, s.t. R(Ua) =KU" - Fext - Fcontact(Ua) =0. (112)

Suppose that we know U%* at the kth iteration, then at the k + 1-th iteration, the displacement field can be
found through Newton-Raphson as the following:
Ua,k+1 — Ua,k _ (Jk)_lR(Ua’k),
OR

with J* = =K - JF and J* =

— 6Fcontact (113)
8Ua U« :Ua,k

)
aUa U« :Ua,k

where J*¥ is the global jacobian which takes a contribution from the contact jacobian J*. The above procedure
is iterated until the difference between U®* and U®*+! is sufficiently small. Note that the form of J* shown
in Eq. (1.13) is deduced assuming linearized kinematics and linear elasticity, as values of K and Fi change
negligibly after deformation and can thus be treated as being independent of U*. However, for finite kinematics
and nonlinear materials this is no longer true and their gradients with respect to U® will need to be evaluated
at each iteration step as well.

In general, deriving the analytical expression of J* is very hard since it depends not only on the specific
local geometry within the contact region between any two solid bodies, but also the specific choice of contact
law. Therefore, without loss of generality, we choose to compute J* numerically via finite difference:

Fcontact(Ua’k + em,k) - Fcontact(Ua’k)

h )
where JF(:,m) means the m-th column of J*, and m represents the global indexing of a node of a solid body
along either the z or the y degree of freedom (in 2D). €™ is a unit vector with all entries being zero except

the m-th one which has a value of h with h being a small value that takes the following form similar to [1]:

e™t =10,..,0, _h_ ,0,..,0",  h=max(e,e[Ug"). (1.15)

m-th entry

(1.14)

Jck(:,m) ~

Here U%* means, at the k-th iteration, the nodal displacement of the solid bodys node whose global index is m
along either the x or the y degree of freedom (in 2D). € is a user-defined small value and may be related to the
specific machine precision of the executing computer. We can think of the m-th column of J¥ as the resulting
contact forces acting on each solid body when the m-th degree of freedom of the whole system, which corresponds
to a certain degree of freedom of one node of one solid body, is being slightly perturbed. From this perspective,
we can view J* as an incremental contact stiffness matrix at the k-th iteration. In light of this, at each iteration
k, we do not need to perturb every single node of every solid body, but instead we only need to perturb nodes
of each solid body that are on the boundary and are “active”. By “active” we refer to nodes near the contact
region that, when whose displacements are perturbed, can induce changes on Fiongact. For contact between any
two solids (7) and (j), we carry out the contact force computation twice by interchanging the role of (i) and (7)
for the master and the slave and averaging the results. We take this role-interchanging step as being beneficial
to minimize the potential bias [2, 3, 4] that can arise in the computed contact forces. Alternatively, one can
perform contact computations on a so-called neutral contact surface [5, 6, 1] without computing contact forces
twice. Finally, our implementation is outlined by Algorithm 1 (see Appendix) where we leverage the sparse
representations and solvers available in the open-source library Eigen [7] to efficiently store K and J¥, and to
solve for U%*. We design the geometries of solid bodies and generate the triangulation/mesh using Gmsh [8].

2. Contact contribution computation

In this subsection, we discuss in detail how we compute the contact forces Fiontact and contact jacobians
J. that appear in Algorithm 1. For simplicity, we focus on 2D cases, while the 3D version of the introduced
methodology can be deduced analogously.



2.1. Contact law regularization

As the object of this work is to study dry granular material, we consider contact interactions between solid
bodies to be purely repulsive in the normal direction, and we assume the tangential interaction to obey the
macro-scale Coulomb friction law. Further, since we focus in the quasi-static regime, we simply use a single
constant friction coefficient us, making no distinction between static and dynamic friction coefficients. We
acknowledge that, although the assumption of us being constant is widely used in modeling frictional granular
media, it is a simplification of the reality where ps can be highly stochastic and depends spatially on local
geometric properties of a contact surface [9]. To this end, to better illustrate the chosen contact law, let us
focus on a simply case of contacts between two solid bodies (i) and (j) and with solid body (i) being the master

and solid body (7) being the slave. Suppose that, in the deformed configuration, we pick a point #,, with position

a:(z) on the boundary of solid body (i), and we find its closest projection material point i, with position w%j )

K3
on the boundary of solid body (j) together with the associated outward surface normal n (being parallel to

asgz) - w;(.j) but pointing outside of solid body (j)) and tangential direction ¢ satisfying ¢ - n = 0. With these

quéntitieg being defined, we further introduce two quantities associated with i,,:

gim = g,n with g, = (mgz) — mg)) -n,

‘ , ) (2.1)
g," = git with g; = (UE? — ugj)) -t,

@

where u; ’ and u

)
in
configuration through a:l(.i) = XI(Z) + “E? and ng) = Xg(] ) 4 uéj), where XI(Z) and X;(j ) are the positions of i,
and i, in the undeformed configuration, respectively. Physically, non-penetrability requires that g, > 0. Then
we can describe the contact law by the following two conditions (known as the Signorini conditions [10]):

are the displacements of i, and i,, respectively. They are linked to the undeformed

gn =0 with 7, >0 L g, > 0 with 7, =0,

gt = 0 with || < psm, L g¢ > 0 with || = psa, (2.2)

Tpn = TpM,

Ty = —sign(gs)|7:|t,

where 7,, and 7 are the (signed) magnitude of normal and tangential traction acting on p. The negative sign
in the right-hand side of the tangential traction term 7 merely states that friction is always in the opposite
direction of the relative motion. The notation “1” represents that only one condition on either side of it can
hold at a given material point. Graphically, Eq. (2.2) can be described by the solid red lines shown in Fig. 1(a)
and Fig. 1(b).

@ (b)

—HsTn

Figure 1: Graphical representations of the contact laws. (a) Contact law in the normal direction shown in its original form (solid
red lines) and regularized (penalized) form (red dashed lines), where k,, is a user-defined regularization parameter termed as the
normal contact stiffness. (b) Contact law in the tangential direction (the Coulomb friction law) shown in its original form (solid
red lines) and regularized (penalized) form (red dashed lines), where k; is a user-defined regularization parameter termed as the
tangential contact stiffness.

Enforcing the constraints shown in Eq. (2.2) may be accomplished exactly through the Lagrangian multiplier
method or the Augmented Lagrangian method, or approximately through the penalty/regularization method
[2]. Each method has its advantages and disadvantages, and one can choose a specific method based on the
specific problem in need of analyzing. For modeling granular materials, in the opinion of the authors the



penalty /regularization formulation (red dashed lines in Fig. 1(a) and Fig. 1(b)) is the most suitable route for
the following two reasons: (1) it allows for much easier contact detections between solid particles, and (2) it
allows for more flexible control of balancing the trade-off between the convergence of a computation and the
capture of the contact physics. In short, the penalty formulation allows for a finite normal penetration through
a normal contact stiffness k, (red dashed lines in Fig. 1(a)), and it allows for a finite tangential slip before
frictional yielding through a tangential contact stiffness k; (red dashed lines in Fig. 1(b)). Self-evidently, the
exact contact law is enforced when values of k,, and k; go to infinity. We emphasize here that one can program
the penalty formulation to behave in a very similar way to the Augmented Lagrangian method, by programming
into an algorithm the variation of k,, and k; during the Newton-Raphson iterations. More specifically, one can
increase the values of &, and k; (e.g., double the values) after the algorithm converges under smaller values of
ky, and ki, then continue the computation, and repeat the procedure until the algorithm converges at a desired
value of k,, and k; that can capture reasonably well the contact behaviors. Within the penalty formulation, we
can express the regularized version of Eq. (2.2) in its vectorial form as the following:

Tn = kn|min(g,, 0)|n,

. R 2.3
72 = —min(ke|ge}s sl 7 12 )sigm (g0t 23)

It then follows that, in the deformed configuration, we enforce Eq. (2.3) instead of Eq. (2.2) to every i, on the
boundary of the master solid body () near the contact region. Vice versa, if we interchange the role of master
and slave for (i) and (j), we enforce Eq. (2.3) to every j, on the boundary of () near the contact region. It
then follows that, when the Newton-Raphson converges under large enough k,, and k;, the true contact traction
tc is well approximated as t¢ ~ 7, + 7, along Q¢ of a solid body.

2.1.1. Contact force and jacobian computation

In this subsection, we discuss how we compute the contact forces and jacobians using the regularized contact
law Eq. (2.3) in FEM where geometries of solid bodies are discretized into meshes. Again, for simplicity, here
we focus on the simplest case involving only two solid bodies in contact. Consider a generic case where in the
undeformed configuration X solid body (i) (taken as the master) and solid body (j) (taken as the slave) are
free of contact, then after the application of a guessed set of nodal displacement fields u® () and u®), the two
bodies come into contact in the deformed configuration @, as shown in Fig. 2(a). Without loss of generality
while at the same time aiding clarity, we specify also the local mesh condition near the contact region of the
two contacting solid bodies.
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Figure 2: A schematic illustration of computing contact traction between two solid bodies with given mesh conditions. (a) A
generic case where three boundary nodes (i2,¢3 and i4) of solid () penetrates into solid (j) after a set of guessed displacement field

u®(® and u®(). i, and ig represent two intersection points representing, respectively, the starting point and ending point of the
contact boundary Q(g_”‘ 41, 11, 12, 13, 14, and i are the closest projections of nodes 41 to i5 on the boundary of solid (5). ng, n1,
ng, ng and ng is the outward surface normals of solid body (j) in terms of its boundary connections jo — j1, j1 — j2, j2 — J3,

j3 — ja, and ja — js. (b) An example of computing the nodal contact force Fiiiomact at node i3 in our work. A number of My

and M3 material points are selected from i2 — i3 and i3 — 44 respectively. Contact traction tc and values of the test function

Pi3 are computed at these points to estimate F23 . .c at node 3. (c) An example of projecting the computed nodal contact forces

on solid (7), the master, back to the boundary of solid (j), the slave, following the Newtons third law. Taking nodes i4 and i5 as

an example. First, the computed nodal contact forces Eiz,tontact and Fl.i,sContact are projected onto their closest projections i4 and

., and —F'’5

i5; Second, these two projected forces, expressed as —F4 L ontact?
,

7,contac
values at i4 and i5 (i.e., as Direc-delta distributions) and are redistributed onto the neighboring boundary nodes (jo, j1 and j2) of

solid (j) to get nodal contact forces —F?° F/! —FJ2

i,contact’ ~ T i,contact and i,contact”

are treated as contact traction with only nonzero

We label the boundary FEM nodes near the contact region and arrange them counter-clockwise to represent
the boundary connections as jo — ji,j1 — Jj2,j2 — J3.j3 — Jja, and js — js (for solid body (j)), and
i1 — i2,12 — i3,13 — i4 and iy — i (for solid body ). In the deformed configuration, we can identify 8(2@_3
as 89?7' = 1o — 92 — i3 — 14 — ig, Where i, and ig label the intersection point between line i; — i2 and line
Ja — Js, and that between line iy — i5 and line j; — jo, respectively. The next step is to obtain to(x) along
898_7 and compute the nodal contact force at each “active” node accordingly. These nodal contact forces are

then assembled to obtain Fzgitact shown in Algorithm 1. Taking node i3 as an example (see also the top panel

of Fig. 2(b)), the corresponding nodal contact force Ff’iontact is given by:

Fiiiontact - /BQiej tc(m)'PiS (m)ds = tc($)797ig (:I:)dS (24)
Cc

s
[ —>i3 —iy

We only need to consider io — i3 — i4 instead of the entire 8(21(;_] , because Pj? is constructed as a continuous



piece-wise linear function with value 1 at node i3 and value 0 at every other node. Contact forces on other
boundary nodes i1, i2, 74 and 75 can be computed analogously. We emphasize that, although geometrically nodes
i5 and 41 are not in contact with solid (j), but they are also “active” nodes because one of their neighboring
nodes i4 and is is “active” leading to nonzero nodal contact forces at nodes i5 and i;. For instance, taking

node 75 as an example,F;% .. . is given by:

Flioer = | te@Pi@is = [ to(@)P] @ 25)
c 1413

As we can see, unlike ordinary Neumann boundary conditions where ¢y is often prescribed explicitly with an
analytical expression, a contact traction to distribution depend implicitly not only on the specific geometry
of the slave solid but also the specific contact law, making an analytical evaluation of Eq. (2.4) virtually
impossible. Furthermore, the need to identify intersection points explicitly like i3 and ¢4, which also depends
on the specific mesh conditions, adds additional complications against getting the analytical evaluation. In light
this, we propose using the trapezoidal rule to evaluate Eq. (2.4)(and Eq. (2.5)) numerically. The basic idea is
to pick a finite number of points for each boundary connections, to compute t~ at each of these points, and to
approximate the integration as a summation of trapezoids. By doing so, we make no explicit computation to
locate those intersections points (those like 4, and ig), but rather, we directly perform the trapezoidal summation
over an entire connection (for instance, evaluating along iy — i5 instead of along iy — ig in Eqn.(2.5)). As
the number of points goes larger, we can expect more accurate results in resolving the actual integration region
ia — ig. Again, let us taking node i3 as an example. As a starting point, we can readily compute tlc%, t”’ and tz4
located at nodes i9, i3 and i4 according to Eq. (2.1) and Eq. (2.3), once we find these nodes’ closest prOJectlons
(points ig,i3 and iy shown in Fig. 2(a)) on the boundary of the slave solid. For getting tc(x) between node
12 and i3, and between nodes i3 and i4, we consider the following. First, in the un-deformed configuration,
we select a finite number (taking as M) material points equally spaced along each boundary connections. For
instance, for boundary connection i3 — i4, let m = 0 represent i3, m = M + 1 represent iy and 0 < m < M +1
represent those selected in between i5 and 74. Then, as we know the guessed nodal displacements u®(, we can
locate these points (shown as red squares in the bottom panel of Fig. 2) in the deformed configuration through
interpolation. Next, we can compute d,, which is defined as the distance between the m — 1-th point and the
m-th point (see the bottom panel of Fig. 2(b)):

d77L = me—l - xm”% (26)

where @, (x,,—1) is the position of the m-th (m — 1-th point) in the deformed configuration. Specifically, we
have x;, = x¢ and x;, = /1. In the meantime, we can compute tc = 7, + 71 at each of these points (see the
bottom panel of Fig. 2(b)) following the same procedure as how tc is computed at iy, i3 and i4. Lastly, we can
easily find the value of P;*™ at these points (see the bottom panel of Fig. 2(b)) since we know their positions
in the deformed conﬁguratlon Here 7713’ means the value of Pf"" at the deformed position of the m-th point.
Similarly, we have P;*? = P{*% and PzS’MH Pi#’ . With these ingredients at hand, F}? tace shown in Eq.

(2.4) and FZZ ? ontact Shown in Eq. (2.5) are then approximated by:

3 My+1
i3 ~ m—1pyiz,m—1 myis,m
E,contact — 5 Z Z dm t P + tCP )7
Z 2 m=1
| Matl

(2.7)

where My (Ms, My) is the number of selected points on boundary connection ia — i3 (ig — i4,i4 — i5). We
note that M does not have to be uniform across every boundary connection, and the selected points do not
have to be equally spaced in the undeformed configuration. In our implementation we choose constant M and
equally spaced points for simplicity. Certainly, it may be desirable to use larger M near the contact region
and use very small M away from the contact region. Once we get all nodal contact forces acting on solid ()
taking solid (j) as the slave, the next step is to project back these nodal contact forces onto the boundary of
solid (j) according to Newtons third law. The idea is to project the nodal forces at “active” nodes as point



loads (with the same magnitude but in opposite direction) onto the closest corresponding projection points. For

example, as shown in Fig. 2(c), nodal forces Fitontact and FZiontact are projected back onto the boundary of
solid (j) as _‘F;i,‘cl:ontact located at point 44 and —Fi’;‘zontmt located at point i5. After that, these two point loads

are redistributed onto the closest nodes of solid (j) following the same procedure as presented in Eq. (2.4):

Jo _ i5 _\ypJo
E,contact - / ) _‘F'i,contact(s(w - mis)Pl («'E)ds
Jo—J1
= —F

2,contact

‘Fz{éontact - / ) ) 7[Fil,scontact5(m - :13[5) + F‘il,iontact(s(w - wll)]lpfl (CC)dS
Jo—>J1—J2

Jo,is
P,

(2.8)

_ _ s J1,i5 _ gpia 1,44
- Fi,contactpl E,Contactpl ’
J2 _ R A2 P J2
‘Fi,contact _/ ) ‘Fi,contact(s(w wi4)P1 (CD)dS
J1—J2
_ 4 J2,ia
- _E,contactpl )

where §(-) is the Dirac delta function. Lastly, these redistributed nodal forces are assembled to get Fi{;fltact
shown in Alrogithm 1. With contact forces being computed, the corresponding contact jacobian can be computed
following the above procedure by perturbing the displacement field as shown in Eq. (1.14) and Eq. (1.15). We

close this subsection by presenting Algorithm 2 (see Appendix for details) which outlines our implementation

of computing Eﬁ;ﬂ@ct and Ff;;t];ct at a given iteration k. During the same iteration, Algorithm 2 is then
repeated to get F ;;’f&ct and F;;Jn’fact by taking solid (j) as the master. Algorithm 2 can be described by three

parts: the first part computes the nodal traction tic’l' at each node i,, the second part computes the contact
traction t7 at every material point on a connection ¢,_1 — i,, and the last part computes the nodal contact
forces using relevant té? and t77. For the second part, we construct the shortest path j;, — ... = ji, on the
slave that starts from the connection where 7,, lives and ends at the connection where i,_; lives. By doing so,
there is no need looping through every boundary connection of the slave to compute contact traction ¢7. The
size of the path j;, — ... — ji, depends on the mesh size near the contact region of both the master and the
slave. It can be one (a single connection jo — j1, see Fig. 3(a)), two (two connections jo — j1 — jo, see Fig.
3(b)) or more (jo — ... = ja, see Fig. 3(c)).
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Figure 3: (a) An example of the shortest path j;; — ... — ji, having size one with j;; = jo and ji, = j1. (b) An example of the
shortest path j;, — ... = j;, having size two with j;; = jo and j;, = j2. (c) An example of the shortest path j;;, — ... = jj, having
size four with j;, = jo and j;, = ja. (d) An example where nodal contact forces being nonzero even though the nodes (i2 and
i3) are geometrically outside the slave. These nodes are considered as long as the corresponding g, is smaller than a user-defined
threshold din-

Normally, the size of the path is mostly one or two, as we often ensure similar mesh size for the master
and the slave near the contact region for better convergence. For the last part computing nodal contact forces,
we consider boundary nodes whose g,, are smaller than a threshold value d,,;,. This is to include the possible
scenario where, although both nodes of a boundary connection do not penetrate into the slave, the connection
itself does. As an example, as shown in Fig. 3(d), for connection iy — i3 where g2 < dyin and g% < dpin,
contact force computation is also performed. One may pick dpi, to be close to the local element size near the
contact region. Algorithm 2 involves three more algorithms aiming at computing and correcting (when needed)
the contact traction. The need for correction often happens when the projection of a node i,can be made on
more than one boundary connection of the slave. Such corrections are especially useful for simulating contact
problems involving solid bodies with sharp corners. We leave the detailed discussions to the next section.

2.2. Closest projection and geometry-informed correction

In some cases, finding the “correct” projection 4, for a node i, can be challenging. This is particularly
true for simulating contacting solid bodies with sharp corners. To better illustrate the concept, we discuss the
following sliding block geometry shown in Fig. 4(a) as an illustrative example, where there is a very small
penetration between the top solid (the master) and the bottom solid (the slave). Concerning the boundary
node i, of the master as shown in Fig. 4(b), in this particular configuration, the closest projection i, is on
Jm—1 — jm, while the desired projection 72! is on j,, — jms1. If we proceed a simulation considering only the
closest projection, the simulation is only able to give correct result when 4, is on j,, — Jm+1. This implies that
our implementation would become highly unstable and sensitive to the specific geometries and positions of the
solid bodies.
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Figure 4: An illustrative example of two contacting trapezoids to explain Algorithm 3, 4 and 5 aiming at ensuring correct contact
traction computations. (a) The configuration of the two considered contact trapezoids. (b) A scenario where node in’s closest
projection i, needs to be corrected to its alternative zalt Algorithm 3 returns contact information at both 7, and z%lt, and
Algorithm 4 checks and performs correction if needed. Once the contact information is corrected at node i, the shortest sub-path
Ji, = --- = Ji, is also corrected from jm—1 — jm — Jm+1 t0 jm — Jm+1 — Jm+2, ensuring subsequent correct contact tractions
of the material points on én—1 — in. (c) A scenario where Algorithm 4 performs no projection correction on node 4, and thus no
correction on the shortest sub-path j;, — ... = ji, (which is jm—1 — jm — jm+1); Algorithm 5 accordingly checks and corrects
the projections of each material point m on in,_1 — iy, if needed.

To overcome such a limitation, we construct Algorithm 3, 4 and 5 (see Appendix for details) to make sure
that we locate the correct projection. Generally speaking, Algorithm 3 returns the closest projection of a node
and additionally the alternative projection if there is one, provided that the node is geometrically inside the
slave; Algorithm 4 check every boundary node i, which has an alternative projection, and decide whether to
correct the closest projection by the alternative projection; Algorithm 5 works essentially the same as Algorithm
4, but it deals with the material points on a connection 4,1 — iy.

Taking this sliding block configuration as an example, we first use Algorithm 3 which returns contact in-

formation (gir, gir®* ¢ and ") computed from 7, and i (Fig. 4(b)). We then store these contact

information and use Algorithm 4 to decide whether to make the correction i, < 2 and 2 < 2", Tn Algo-
rithm 4, we only consider projection correction for “susceptible” nodes. We deem a node 7,, to be “susceptible”
if it satisfies all the following three requirements: (1) the node itself is geometrically inside the slave solid, (2) its
two immediate neighboring nodes (4,1 and 4,41) must not at the same time be geometrically outside or inside
the slave solid, or equivalently, one immediate neighboring node must be outside and the other one must be
inside, and (3) if 4,1 is inside then 4,_» must also be inside, or if i, is inside then 4,2 must also be inside.
Once we deem a node i, to be susceptible and if the node has an alternative projection, we check whether gir-alt
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instead of gi» is more aligned with g, " (let us say 4,,_; is inside). If so, we perform the projection correction
i filt and tiC" — tié“alt. As an example, as shown in Fig. 4(b), i, is “susceptible” as i,41 is outside the
slave while i,,—1 and i,_o (not shown) are inside the slave. Because 4,, has an alternative projection and gi;“alt
is more aligned with g, ~* than g» does, Algorithm 4 corrects the projection for node 4,,. This correction also
corrects the path j;, — ... — 7, on which we compute the projections (using Algorithm 3) of all materials
points along a boundary connection that contains the “susceptible” node. For instance, as shown in Fig. 4(b),
for computing traction on material points on connection i,—_1 — iy, the path j;, — ... = ji, is corrected from
Jm—1 = Jm = Jm+1 = Jm+2 10 Jjm — Jm+1 — Jmt2. Therefore, once Algorithm 4 corrects the projection of a
“susceptible” node, there is no longer need to consider correcting projections for material points near that node.
In all, Algorithm 4 performs a nonlocal check around a “susceptible” node by going through the projections of
its neighboring nodes. Of course, the range of the nonlocality can be larger than one. One may revise the third
requirement on checking a “susceptible” node to include more nodes. For instance, let us say i, is inside the
slave, then a nonlocality range of two means that both é,o and 4,13 must be inside the slave as well.

However, it is possible that, even though a node is “susceptible”, its closest projection is the desired one
and Algorithm 4 performs no correction. In these cases we will further need to correct potential erroneous
projections on those material points around that node. We accordingly construct Algorithm 5 to deal with
these cases.

An example is shown in Fig. 4(c), where node i, is “susceptible” by our definition, but it does not need
correction, since g’» (which is associated with 7,,) is more aligned with g,"** than g&»#* does (which is associated
with 42, not shown but residing on j,, — jmi1). In this example, with g7 and g™*' computed (using
Algorithm 3) for each material point m on i,_; — i, and inside the slave, Algorithm 5 checks if g7 instead
of g™ is more aligned with gi». if so (as is the case in this particular example), Algorithm 5 makes the
correction m < M and % + tg’alt. Lastly, we point out that for scenarios where the path j;, — ... = ji,
has size one (for example, see Fig. 3(a)), there are no alternative projections and thus no need for correction.
Algorithm 5 is skipped in these scenarios. In all, with Algorithm 3, 4 and 5 assembled into Algorithm 2, and
with Algorithm 2 assembled into Algorithm 1, Algorithm 1 is completed and we verify the implementation using

several benchmark tests. We leave the verifications to section. 2.4.

2.3. Eztension to scenarios with incremental loading

Combining section 2 with section 1, Algorithm 1 present a complete implementation for a single loading step,
i.e., with a single set of Dirichlet and Neumann boundary condition. However, in many scenarios, we may wish
to perform simulations with incremental loadings, i.e., with multiple sets of Dirichlet and Neumann boundary
conditions. In fact, for multi-body contact mechanics problems, an implementation capable of simulating
incremental loading is always preferred, since it is always better to solve the non-linear Eq. (1.12) through
Newton-Raphson with an initial guess that is not too far from the solution. In this regard, we extend Algorithm
1 to consider displacement solutions obtained from preceding loading steps. Specifically, suppose that we already
know the displacement solutions U%!, U%2, ..., U%*~! at each of the first z — 1 loading steps of a system, and
we have updated the configuration of the system along the way. Then, at the z—th loading step starting from a
configuration which has been updated by all previous displacements, we revise Eq. (1.12) to solve the following:

Find U*7, s.t. R(Utao)tz) = K(Ut%tn) - Fo — Fcontact(Ut%tZ) =0, (2'9)
where Uy = > ;- U%* is the total displacement after the n-th loading step. It then follows that U** =
USE—UST where U%F ™! is known. Since we assume small deformation, there is no need to update K when
we update the configuration at the conclusion of each loading step. Of course one may still choose to update
K but the results will make little difference so long as the assumption of small deformation still holds. FZ,
represents a “total” Neumann boundary condition at the z-th loading step. For instance, if we would like to
impose an incremental pressure p(z) = poz where pg is constant and z is the loading step, FZ, is computed
from p(z) not pg. On the contrary, since at each loading step the configuration has been updated by previous
loading steps, the Dirichlet boundary condition is instead enforced incrementally. For instance, suppose that
we would like to impose a vertical displacement field w(z) = wo(z) where ug is constant and z is the loading
step, the Dirichlet boundary condition is enforced by ug not u(z). W note that the Neumann and the Dirichlet
boundary conditions do not need to be monotonous, or in another word, we can use Eq. (2.9) to simulate
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“loading-unloading” contact problems. Lastly, for contact force computations, normal traction depends only
on U%? since the configuration is already updated by Ujyp -1 However, the tangential (frictional) traction
depends on Uy . Specifically, they are computed by replacing ugz) and u%j ) with Py ugi)’z and > ,_, ugj )
in Eq. (2.1).

2.4. Verification tests

In this section, we verify our implementation using three benchmark tests: a Brazilian disk compression
test, a frictional contact test between two cylinders, and a sliding block test whose geometry has already been
shortly discussed in section 2.2.3. Additionally, we consider plane-strain condition and neglect body forces.
From an experimental point of view, we may consider these simulations as virtual tabletop experiments with
confinements along the out-of-plane direction. Lastly, we take k,, = k; for all simulations, and we determine
their values on the specific Young’s modulus used in each simulation.

2.4.1. A Brazilian compression test

We consider a disk (radius R = 10 mm, Youngs modulus E = 50 MPa and Poissons ratio v = 0.3) being
confined between two rigid plates along the y direction, see Fig. 5(a). We fix the bottom plate and move the
top plate downward at each quasi-static loading step with a constant vertical displacement Awu, = 0.01 mm.
We simulate a total of 50 loading steps. At each loading step, after convergence we compute the contact
radii (@top, @bottom) and vertical contact forces (Fiop, Fhottom) at both the top and the bottom plate, see
Fig. 5(b)). We assign a small friction coefficient s = 0.05 to prevent potential rigid body motions, and we
take k, = k; = 1000 MPa/mm. As expected, due to symmetry, at equilibrium of each loading step, we have
Fiop = Fhottom and @top = Gbottom, Se€ Fig. 5(c). Further, our simulation shows excellent agreement (see
Fig. 5(d)) with the analytical prediction [11] of the vertical contact force using the measured contact radius,
according to the following equation:
F(1-v)R

Tk ’
where we compute the contact force F' using the contact radius a measured from the simulation. Lastly, we
visualize the distribution of oy, inside the disk (see Fig. 5(e)) at four different loading steps, from which the
evolution of o, with the loading step can be clearly observed.

a=2 (2.10)
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Figure 5: Setup and simulation results. (a) The configuration of the Brazilian disc compression test, where the top rigid plate is
displacement controlled and the bottom rigid plate is fixed. (b) An illustration of the contact radii (atop, @bottom) and vertical
contact forces (Fiop, Fhottom) @t the top plate and bottom plate, respectively. (c) Simulation results of the evolutions of atop,
abottom (colored in yellow) and of Fiop, Fhottom (colored green) with the imposed vertical displacement. Both contact radius and
contact force measured at the top (solid lines) and bottom plate (filled squares) show excellent agreement with each other. (d) The
relationship between contact radius and vertical contact force. The simulation result (filled yellow circles) shows excellent agreement
with the analytical prediction (the solid green line) using Eq. (2.10). (e) Four snapshots visualizing the spatial distribution of oy,
inside the disc at the 10th, 20th, 30th and 40th loading steps.

2.4.2. A frictional contact test between two cylinders

We consider frictional contacts between two cylindrical surfaces. The bottom solid body (termed as “S0”
hereafter) has a radius Ry = 12 mm , a Young’s modulus Ey = 50 MPa and a Poisson’s ratio vy = 0.3, while
the top solid body (termed as “S1” hereafter) has a radius R; = 10 mm, a Young’s modulus F; = 50 MPa and
a Poisson’s ratio 11 = 0.3. We further fix the bottom edge of SO and apply a displacement couple (Aug, Auy,)
to the top edge of S1 at each loading step, see Fig. 6(a), where Au, points to the right while Aw, points
downward. We simulate a total of five steps and we output both the normal (7,,) and tangential (73) traction
along the contact surface (see Fig. 6(a))of each solid body at each load step. In addition, we can compute the
reaction forces (the tangential force F; and the normal force F,) along the top edge of S1 and similarly along
the bottom edge of SO. It then follows that we can compute ¢ and 7,, (the magnitudes of 7; and 7,,) using these
reaction forces (F; and F),) via the analytical solutions available in the literature [11]:

2F,Va? — 22 2us
Tn(x):#, (x) = ,u_[ a2—x2—H(c2—m2)\/02—x2], —a <z <a,

ma? Ta?
L . (2.11)
ith [ b o Fy (1_1/34—1_’/12)]2 and ¢ a(l Fi >2
W a = = — s
m(Ro + R1) Ey E, sy
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where H(-) is the Heaviside function. We compare this analytically computed traction to those directly output
from the simulations. Note that, force balance implies that the reaction forces (F; and F),) along the two
Dirichlet boundaries of the solid bodies sum up to zero at each loading step. We take the contact penalization
parameters k, = k; = 1000 MPa/mm remaining the same as in the previous example. We vary the contact
friction coefficient s = 0.1,0.5 and 0.9 to see how contact traction varies with the variation of ps. As shown in
Fig. 6(b), our simulation captures well the distribution of 7; and 7,, along the contact surface belonging to both
S0 and S1. We flip 7, to be negative for a clear comparison with 7. The three curves in each subfigure of Fig.
6(b) correspond to the first, the third and the fifth loading step. We also visualize the distribution of maximum
shear stress Tax in Fig. 6(c) for the three loading steps considered in Fig. 6(b). As expected, smaller friction
(s = 0.1) gives more symmetric distribution of 7.y (with respect to the y direction) than larger frictions do
(s = 0.5 and pg = 0.9).
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Figure 6: Setup and simulation results. (a) The configuration of the frictional contact test between two cylinders (SO and S1),
where the bottom edge of S0 is fixed and the top edge of S1 is subjected to a displacement couple (Aug, Auy). (b) Distributions
of contact traction magnitudes 7 (filled circles) and 7, (filled squares) along the x direction of the contact surfaces of both SO
(colored in yellow) and S1 (colored in green), under ps = 0.1 (left figure), ps = 0.5 (middle figure) and ps = 0.9 (right figure)
for the first, third and fifth loading steps. Analytical predictions of 7 (solid gray lines) and 7, (solid black lines) computed using
Eq. (2.11) show excellent agreement with those directly output from the simulations. (c) Visualizations of the distributions of
maximum shear stress Tmax of both S0 and S1 under ps = 0.1 (bottom row), ps = 0.5 (middle row) and ps = 0.9 (top row) for the
first (left column), third (middle column) and fifth (right column) loading steps.

2.5. A frictional sliding block test

We consider the example presented in [12], where two trapezoids are vertically stacked together with an
interface inclination tanf = 0.2, see Fig. 7(a). Again, we term the bottom trapezoid as “S0” and the top
trapezoid as “S1”, and we apply the same boundary condition as in [12] (see also Fig. 7(a)), where the top
edge of SO is subjected to a vertical displacement Aw, = 0.05 mm pointing downward. Such configuration
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allows for frictional sliding to initiate between SO and S1 when the contact friction p is chosen appropriately.
More specifically, force balance implies that when ps < 0.2 sliding occurs, while when ps > 0.2 no sliding
occurs. Same as the previous two simulations, both trapezoids have a Young’s modulus E = 50 MPa and a
Poisson’s ratio v = 0.3, while contact penalization parameters k, = k; = 1000 MPa/mm. We first assign
s = 0.19 and pus = 0.21 to test the implementation. As shown in Fig. 7(b) by the distribution of the horizontal
displacement u,, sliding indeed occurs when p, = 0.19 and sticking indeed occurs when pus = 0.21. Further,
our implementation also captures relatively large sliding scenarios that can occur with even smaller contact
friction coefficients, as shown in Fig. 7(c) that reports results with ps = 0.01,0.05,0.1 and 0.15. As expected,
the relative sliding between SO and S1 decreases when g increases.
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Figure 7: Setup and simulation results. (a) The configuration of the two contacting trapezoids (SO and S1) forming an interface
with inclination tanf = 0.2. The bottom edge of SO is fixed along the y direction with only the right bottom corner being also fixed
along the z direction, and the top edge of S1 is subjected to a displacement Au, along the y direction with only the right top corner
being fixed along the = direction. (b) Simulation results showing the spatial distribution of u, over the deformed configuration
under a contact friction coefficient ps, = 0.19 (left figure) and a contact friction coefficient ps = 0.21 (right figure). (c) Similar
simulation results comparing to (b) but with four different contact friction coefficients starting from the left: ps = 0.01, us = 0.05,
ps = 0.1 and ps = 0.15.

3. Algorithm 1 outlines our multi-body contact mechanics implementation

In Algorithm 1, the notation “[:];”(“[:];”) appearing in a matrix means all the row entries of that matrix
which correspond to all nodes of solid (¢) (solid (j)).
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Algorithm 1: A FEM implementation for solving multi-body contact mechanics problem under quasi-
static loading condition

© 00 N O A W N
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Data: Number of solid bodies N, undeformed configuration X, K as shown in Eq. (1.8), Fey as shown
in Eq. (1.9) computed from the undeformed configuration, initial guess U®*, initial residue R*
picked arbitrarily s.t. ||R¥||2 > threshold, with the iteration index k = 0.

Result: Converged solution U %",

while ||RF||; > threshold do
Initialize global FX . . =0;
Initialize global J¥ to be all zeros;
Update the deformed configuration as x* = X + U®*;
for Solid i=1; i < N; i++ do
for Solid j=i+1; j < N; j++ do
if Solid i is in contact with Solid j under x* then
Initialize local J!<%F between i and j with all zeros;
Compute local ‘FI'LHCTJ;tkact and Fii;;f_l,t];ct taking ¢ as master, j as slave; [Alg.2]
Compute local F} ;f{tkact and F;:}nt]‘act taking j as master, 7 as slave; [Alg.2]
i,k i3,k i3,k .
ComPU'te local Fclc;gact = (Fil,:)‘zltact + Fjl,:)‘;tact)/27
iy o o .
ComPUte 10(?&1 ‘Fc]o:tlact :A (Fij,;rlltact + Fjj,:);tact)/z
Assemble FETE and FIT0E into the global FE .

for Each active node n; of Solid i w.r.t Solid j do
for Each degree of freedom of n; taking as d; do
Compute h and e™+4:F via Eq. (1.15);

Repeat lines 9-12 to get Ficok and FI< 0k

perturbed,i perturbed,i;
i< i<—j,k i<—j,k .
Populate JéH],k([:] i i + d7) = (F[t;:tjurbed,i - Fcl(;gact)/ha
i< j i,k j—isk
Populate JéHJ,k([:] > i + d’b) = <F}5](;l14rbcd,i - Fgo:tzact)/h;
end
end
for Each active node n; of Solid j w.r.t Solid i do

for Fach degree of freedom of n; taking as d; do
Compute h and e™T%F via Eq. (1.15);
Repeat lines 9-12 to get F** 7% and Fi ik

perturbed,]l ) pertux’bgd,j ,;
Populate JI79* ([, nj + d;) = (Fpoiiibed,; — Feontact)/h
Populate JéHj’k([:]j» n; +d;) = (F;Z;:t’ifbed,j - cho?f;]it)/h;
end
end
Assemble Ji<7* into the global J¥;
end
end

end

Compute R¥(U%*) and J* according to Egs.(1.13) and (1.12);
Enforce Dirichlet boundary conditions (if any) to J* and RF;
Update U%F «+— U** — (JK)~1RF;

Update k + k + 1;

end

Set U*conv — Ua,k.
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4.

Algorithm 2 computing contact forces between two solid bodies

Algorithm 2: Compute the contact forces F, g ’kmct and F7¢ 0k taking solid (i) as the master and solid
(j) as the slave at the k-th iteration.

1,conta 2,contact’

w N
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Data: The undeformed configuration X and displacement field u®* of solids (i) and (j), a user-defined
threshold d.,;, to initiate contact computation, contact regularization parameters k,, and k;, and
Coulomb friction coefficient u.

Result: Nodal contact forces Fi{;{{t];ctv Flj ;_Ofl’tkact, and “active” node list Z; 4.
Initialize the deformed configuration for both solids: z* = X + u®*;

Initialize a nodal checklist Z; ¢ to be empty;
Initialize a projection checklist Z; ~ and an alternative one I% ¢ both to be empty;

Initialize a nodal traction list F; ¢ and an alternative one ]—";,C both to be empty;
Initialize a nodal gap distance list G; ¢ and an alternative one g;,c both to be empty;
Initialize nodal contact forces legilflct =0 and Fi];,;fl’t];a =0;
for every boundary node i,, of solid (i) do
Identify the boundary node 7j,, of solid (j) whose distance to i, in ¥ is the smallest;
if the smallest distance < d,,;, then
Identify the closest two boundary connections j,,—1 — jm - Jm=+1;
Compute i, g7t and their alternatives 2, g;m*'* and ot [Alg.3)
if ||gir||2 < dmin thenﬁ )
Insert i, into T ¢, in ‘into Z; ¢ and 2 into I; o5
Insert ¢4 into F; ¢, tg"alt into ]:;,C» gir into G; ¢ and gl into Q;C;
Initialize F}; p0ce = 0
end
end
end

Correct projections i, < %%, gin < gir? and ¢ « t2*'" if needed; [Alg.4]

n o

for every boundary connection i,—1 — i, of solid (i) do

ifi,_1 €Z;c ori, € Z;c then
Locate tZC’J’IA and tlé“" in F; ¢ and let 2, :‘tzc’f’l,té“'l =ty;
Compute Pi”’l’olpi"*’MH, Pi"’o and Pf"’MH;
Locate ip—1 and 4, in Z; o corresponding to i,—1 and ip;
Determine the shortest path j;, — ... = j, from 4,1 to i,; [see Figs. 3(a)-(c)]
for every material point x,, with0 <m < M +1 on i,—1 — i, do
Compute the corresponding P;" "™, P;™ and d,, according to Eq. (2.6);
Repeat line 7 and 9 using j;, — ... — ji, to get a sub-path js_1 — js = Jst1;
Compute m, g™, t% and their alternatives m?!t, g2t and t’é’”alt; [Alg.3]
Correct projections m < M, g™ « g4l and £ « ¢/ if needed; [Alg.5]
end
Update Fjron.c and Figontmt with contributions from i,_; — 4, using Eq. (2.7);
end
in— in : i<—Jj,k .
POpulate ‘inv,coritact a‘nd ‘F'il,contact into ‘{Fii:;)fntacﬂ ) B
Project back onto solid (]) through ‘Fiz,Tcl(;ritact = _‘F;iz;ritact and F;igorltact = _F“il,yclqntact;
Redistribute to get nodal forces following Eq. (2.8) and populate them into F ;fl’tkact;
end
Insert every i, into Z; 4 as long as || F}%  cactll2 > 0;

Fiej,k Fjei,k

Return i,contact’ * i,contact’

and Z; 4.
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5. Algorithm 3 computing contact projection for one boundary node of the master solid

To better present Algorithm 3, we first introduce the following notations and shorthand expressions. In
addition, to aid with visualization, we introduce Fig. 8 containing several graph examples that are referenced
in Algorithm 3.

Po = ®i, — ®j,_,, P1 = T, — @, and py = x;, —x;, ., satisfying |[p1ll2 < [[poll2 and ||p1ll2 < [[p2]]2
via the selection done at line 9 of Algorithm 2, see Fig. 8(a);

ty = ——m=t and t; = — =" the unit tangents of j,,_1 — jm and j,, — Jm1 respectively,
||m3m7me,1 ||2 H‘BJerl L, ||2

see Fig. 8(a);

ng and n; the outward normals of j,,—1 — jm, and j,, — jm41 satisfying ng -tg = 0 and ny - ¢; = 0
respectively, see Fig. 8(a);

Ly = ||xj,, — xj,,_,||2 and Ly = ||z, ., — ;|2 the length of j,,_1 — jm and j,, — jimy1 respectively,
see Fig. 8(a);

“Proj0” means that i,, can be projected onto j,—1 — jm: (Do - to)(P1 - to) < 0;

“WProj0” means that i,, can be weakly projected onto j,—1 — jm: (Po - to)(P1 - to) > 0 and L. < esLg
where L. = (x;, — x;,,) - to, where e, is a user-defined small constant, see the second figure in Fig. 8(d)
and Fig. 8(f);

“Proj1” means that i,, can be projected onto j,, = jm+1: (P1-t1)(p2 - t1) < 0;

“WProjl” means that i, can be weakly projected onto j,, — jm+1: (P1-t1)(P2-t1) > 0 and L, < eslq
where L, = (x;, — ;,,) - to, see the second figure in Fig. 8(c) and 8(e) for example;

“In0” means that i,, is inside the slave in terms of j,,,—1 — Jm: Po - 1o < 0;

“In1” means that i,, is inside the slave in terms of j,, = jm41: P1- 11 < 0.
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NN
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Figure 8: A configuration of one node i, and its several possible relative positions with respect to its nearest two boundary
connections jm—1 — Jm — jm+1- (a) An example of iy, is inside solid body (j) determined from its relative position from
jo — j1 — j2. Po, P1, and pa are vectors pointing from nodes jo, j1 and j2 to node i, respectively; to, ng and t1, 1 are the unit
tangent and outward normal vectors associated with jo — j1 and j; — j2, respectively; Lo and L; are the lengths of j.,,—1 — jm
and jm — jm+1, respectively. (b) in is exactly on jm. (c) in is exactly on jm—1 — jm and can be projected onto jm — jm+1 (left
figure) or weakly projected onto jm — jm+1 if Le < esL1 where e is a user-defined small constant. (d) A similar scenario to (c)
but i, is exactly on jm — jm+1. (€) in is inside solid body (j) and can be projected onto jm—1 — jm and weakly projected onto
Jm — jm+1. (f) A similar scenario to (e) but i, can be projected onto jm — jm+1 and weakly projected onto jm—1 — jm. (&)
in is inside solid body (j) and can be projected onto both j,,—1 — jm (Where i, resides, the left figure) and jm — jm+1 (where
in, resides, the right figure). (h) 4, is inside solid body (j) but can be projected onto neither j,,—1 — jm NOT jm —> Jm-+1, in is
projected onto jm, i.e., i, overlaps with j,.
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Algorithm 3: Compute projections and tractions of a give node i,,.

Data: in, Xi,” l'l,lka jm 1 jm — jm+1’ ij—w ij’ X.Terl’ u?v’rf:—l’ u?f’ and u?fﬂ'
Result: i, 12!t gn ) gl tinand g alt,
1 Set z;, = X, +uy’ and initialize i, i ;‘th, gn ) Z{““lt tin and ¢
2 Setx;,, , =X, —|— u 1, x; =X, + u k and xj . =X+ u?jﬂ,
3 if i, overlaps with j, then
4 ‘ Let iy, = jm, g = 0 and set t2 = 0; [see Fig. 8(b)]
5 else if i, is on j,,_1 — jm then
6 | Leti, =in, gin =0t = 0;
7 if (“In1” and “Proj1”) or (“In1” and “WProj1”) then
8 ‘ Compute 72, gir2® and 25" based on Egs.(2.1)(2.3); [see Fig. 8(c)]
9 end
10 else if iy, is on ju, = jm41 then
11 Let iy, = in, gir fOt’é‘:O
12 if (“In0” and “Proj0”) or (“In0” and “WProj0”) then
13 ‘ Compute 72, gir2* and £ using Eqs.(2.1)(2.3); [see Fig. 8(d)]
14 end
15 else
16 if “Proj0” or “Projl” then
17 if “Proj0” but not “Proj1” then
18 Compute i, gi» using Eq. (2.1) and set té& =0;
19 if “In0” then
20 Compute té& using Eq. (2.3);
21 if “In1” and “Wprojl” then
22 Compute 2%, gin2 and t3°*!" using Eqs.(2.1)(2.3); [see Fig. 8(e)]
23 end
24 end
25 else if “Proj1” but not “Proj0” then
26 Compute i, gy using Eq. (2.1) and set t3 = 0;
27 if “In1” then
28 Compute tgl using Eq. (2.3);
29 if “In0” and “Wproj0” then
30 Compute 2%, gin2'* and t3°*!" using Eqs.(2.1)(2.3); [see Fig. 8(f)]
31 end
32 end
33 else
34 Compute iy, 1%, gin and gin2! s.t. ||gin || < ||gi |2 using Eq. (2.1);
35 Set iy = tiC" =t — o,
36 if “In0” and “In1” then
37 Compute 2% and tic"’alt using Eq. (2.3); [see Fig. 8(g)]
38 end
39 end
40 else
41 Let 4, = jm, g'* = p1 and set tzc =0;
42 if “In0” and “In1” then
43 ‘ Compute té?’ using Eq. 2.3, see Fig. 8(h);
44 end
45 end
46 end

- alt
a7 Return i, 2%, gin, gin?lt tin and 2"
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6. Algorithm 4 and Algorithm 5 checking and correcting projection if needed

Algorithm 4: Contact projection correction for each node i,, € Z; ¢.

/ / ’
Data: Ii,C> If,C’a IE,C’ .7:1‘707 ]:i,C” Qi,c and Qi,c.

1 for every i, € Z; ¢ do

2 if iy o, in_ 1 int1 and iny2 € Z; ¢ then

3 Locate ¢/ ~* tz" Lt tZ"+1 and iﬁl"+2 from F; ¢, and t’"’alt from F, et

4 if [t ]]e > 0 or ||ta a“Hg > 0 then

5 if ||t1" ]2 =0 and Htt"“Hg >0 and ||tl"+2||2 > 0 then

6 Locate iy, i3, gi», g ' and gin-2!* from T c %70, Gi.c and g;’c;
7 if gt ginalt > g“”+1 - gi» then

8 ‘ Correct projection i, < i, gin « gin-It and iz « i

9 end

10 end

11 if ||t1” *ll2 > 0 and th" Y2 > 0 and Htl““H =0 then

12 Locate i,, i2lt, gi», g and girt from T o, I%C’ Gic and g;yc;
13 if gt - ginoolt > g -gf{* then

14 Locate t““alt from ]-'

15 Correct projection 4,, ¢ z%lt,g;" — ginalt and £« t““alt

16 end

17 end

18 end

19 end
20 end

Algorithm 5: Contact projection correction for a material point m on a connection 4,1 — iy.

Data: g, g, 91" Login tn salt tZ” ! and ticﬁ
if [|£2]]2 > 0 or |||y > 0 then
if Htl" M2 >0 and ||t’”||2 =0 then

in—1

m

if g7 gt > gint . g™ then
‘ Correct projection g7 < gt t7 « ¢
end

m '11t

end

f[ltg |2 =0 and [[t3]]> > 0 then

if gLn gm alt > 97" gn then

‘ Correct projection g, grnlw,enlt7 t tg alt’
end

e
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